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LAGRANGIAN 3-TORUS FIBRATIONS
Ricardo Castan˜o Bernard & Diego Matessi
Abstract
We prove that Mark Gross’ [8] topological Calabi-Yau com-
pactifications can be made into symplectic compactifications. To
prove this we develop a method to construct singular Lagrangian
3-torus fibrations over certain a priori given integral affine mani-
folds with singularities, which we call simple. This produces pairs
of compact symplectic 6-manifolds homeomorphic to mirror pairs
of Calabi-Yau 3-folds together with Lagrangian fibrations whose
underlying integral affine structures are dual.
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1. Introduction
A map f : X → B from a smooth symplectic manifold onto a smooth
manifold is a Lagrangian fibration if the regular locus of fibres has half
the dimension of X and the symplectic form restricts to zero there. The
fibration is allowed to have singular fibres. In fact, interesting exam-
ples should in general include singular fibres. If the fibration map is
smooth and proper, it is a well-known fact that the non-singular fibres
are tori. Furthermore, away from the discriminant locus parametriz-
ing the singular fibres, the base has the structure of an integral affine
manifold. In other words, B has an atlas whose change of coordi-
nates are integral affine linear transformations, i.e., belong to the group
AffR(Z) = R
n
o Gl(n,Z) of affine linear transformations with integral
linear part and real translation.
Lagrangian fibrations lie at the crossroads of integrable systems, toric
symplectic geometry and more recently, Mirror Symmetry. For all three
subjects, important issues are: the global topology of the fibration, the
singularities of the fibres, the regularity of the fibration map and the
affine structures induced on the base. In the recent years, integral affine
geometry started to play a remarkably important role in Mirror Sym-
metry. The first evidence of this is given by Hitchin [21], who observed
that the SYZ duality [34] can be interpreted as a Legendre transform
between integral affine manifolds. Later, Kontsevich and Soibelman
[23] and Gross and Wilson [15] proposed a landmark conjecture which,
roughly speaking, says:
(1) Degenerating families of Calabi-Yau manifolds approaching large
complex structure limits should collapse down, in the metric sense
with their Ricci-flat metrics, to a singular integral affine Sn.
(2) Mirror families should be (re)constructed starting from the affine
manifolds in (1).
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The first part of this conjecture is referred to as the Gromov-Hausdorff
collapse, while the second part is usually called the reconstruction prob-
lem [10]. We know that the Gromov-Hausdorff collapse does happen in
dimension two [15]. More recently, Gross and Siebert [13, 14], develop
a program to reconstruct the “complex side” of the mirror using Loga-
rithmic geometry. Kontsevich and Soibelman [24] approach the complex
reconstruction problem using non-Archimedean analytic spaces. The fi-
nal explanation of Mirror Symmetry is likely to emerge from the work
deriving from these two main streams.
On the “symplectic side” of the mirror, there is an analogous recon-
struction problem. This paper is motivated by the following question.
Can we construct symplectic manifolds starting from integral affine
manifolds with singularities and obtain total spaces homeomorphic to
mirror pairs of Calabi-Yau manifolds?
To answer this question we take Gross’ Topological Mirror Symmetry
[8] as a starting point. Gross developed a method to construct topolog-
ical T 3 fibrations of 6-manifolds. This method consists, roughly, on the
compactification of certain T 3 bundles by means of gluing suitable sin-
gular fibres. The discriminant locus in this case is a 3-valent graph with
vertices labeled positive or negative. There are three types of singular
fibres: generic fibres, positive fibres and negative fibres, mapping to ei-
ther points on the edges, or positive or negative vertices of the graph,
respectively. The names are given according to the Euler characteris-
tic of the fibres which can be 0, +1 or −1 respectively (Gross uses a
different convention: (2, 2), (1, 2) and (2, 1), for generic, positive and
negative fibres, respectively). Gross’ compactification produces a class
of fibrations that can be dualized. As an example of this construction,
Gross obtained a pair of smooth manifolds with dual topological T 3
fibrations, the first one being homeomorphic to the quintic 3-fold and
the second one homeomorphic to a mirror of the quintic.
The main result of this paper is the proof that a compactification
similar to that of Gross can be carried out in the symplectic category.
The basic idea is the following. We start with an integral affine manifold
with singularities (B,∆,A ) with 3-valent graph singular locus ∆. The
affine structure on B0 = B − ∆ induces a family of maximal lattices
Λ ⊆ T ∗B0, together with a symplectic manifold X(B0) and an exact
sequence
0→ Λ→ T ∗B0 → X(B0)→ 0.
This gives us a Lagrangian T n bundle f0 : X(B0)→ B0. When A is
simple (cf. Definition 3.14), X(B0) can be compactified to a topological
6-manifold X(B) using Gross’ method. To define a symplectic structure
on X(B), in other words, to achieve a symplectic compactification of
X(B0), one needs Lagrangian models of generic, positive and negative
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singular fibres. The first two models have already been studied by the
first author [2]. The construction of a Lagrangian negative model is
much more delicate. An important part of this article is devoted to the
construction of Lagrangian fibrations of negative type.
While the generic and positive models are given by smooth maps and
have codimension two discriminant loci, our model for the negative fi-
bration is piecewise smooth and has mixed codimension one and two
discriminant: it is an “amoeba” whose three legs are pinched down to
codimension 2 (cf. Figure 5). In fact it can be described as a perturba-
tion of Gross’ negative fibration, localized in a small neighborhood of
the ‘figure eight’ (i.e., the singular locus of the negative fibre), which
forces the singularities of the fibres to become isolated points and the
discriminant locus to jump to codimension one near the vertex. The
topology of the total space is unchanged by this perturbation. Joyce
[22] had already conjectured that special Lagrangian fibrations should
be in general piecewise smooth and should have codimension 1 discrim-
inant locus. Over the codimension 1 part of the discriminant locus, our
model has exactly the topology which Joyce proposed as the special
Lagrangian version of Gross’ negative fibre.
Our first attempt to construct a model of a Lagrangian negative fi-
bration produces a fibration which fails to be smooth along a large
codimension one subset, a whole plane containing the discriminant lo-
cus (cf. Example 5.8). This model is not suitable for the symplec-
tic compactification. This is essentially due to the fact that piecewise
smooth fibrations in general do not induce integral affine structures on
the base. The affine structure induced by fibrations of this sort consists
of two pieces separated by the codimension one wall. Piecewise smooth
fibrations of this type are called stitched and have been studied in great
detail by the authors [3, 4]. It turns out that the information on the lack
of regularity of these fibrations can be encoded into certain invariants.
This allows us to have good control on the regularity of stitched fibra-
tions. In particular, we are able to modify Example 5.8 to a Lagrangian
fibration which induces an integral affine structure on the complement
of a closed 2-disc containing the codimension one component of the dis-
criminant. Moreover, away from this ‘bad disc’, where the fibration fails
to be smooth, the induced integral affine structure is simple.
Given a simple integral affine 3-manifold with singularities (B,∆,A )
a localized thickening of ∆ is given by the data (∆, {Dp−}p−∈N ) where:
(i) ∆ is the closed subset obtained from ∆ after replacing a neigh-
borhood of each negative vertex with a shape of the type depicted
in Figure 17 (an “amoeba” with thin legs).
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(ii) N is the set of negative vertices and for each p− ∈ N , Dp− is
a 2-dimensional disk containing the codimension 1 component of
∆ around p− (depicted as the gray area in Figure 17).
Given a localized thickening define
B = B −

∆ ∪ ⋃
p−∈N
Dp−


and denote by A the restriction of the affine structure on B.
The main result of this paper is the following (cf. Theorem 8.2):
Theorem. Given a compact simple integral affine 3-manifold with
singularities (B,∆,A ), all of whose negative vertices are straight. There
is a localized thickening (∆, {Dp−}p−∈N ) and a smooth, compact sym-
plectic 6-manifold (X,ω) together with a piecewise smooth Lagrangian
fibration f : X → B such that:
(i) f is smooth except along
⋃
p−∈N f
−1(Dp−);
(ii) the discriminant locus of f is ∆;
(iii) there is a commuting diagram
X(B,A)
Ψ−−−−→ X
f0
y yf
B
ι−−−−→ B
where ψ is a symplectomorphism and ι the inclusion;
(iv) over a neighborhood of a positive vertex of ∆ the fibration is
positive, over a neighborhood of a point on an edge the fibration
is generic-singular, over a neighborhood of Dp− the fibration is
Lagrangian negative.
As a corollary of Theorem 8.2 and Gross’ topological compactifica-
tion [8], when the base (B,∆,A ) is as in Example 3.17, the symplectic
manifold obtained is homeomorphic to the quintic Calabi-Yau 3-fold.
Applying the Legendre transform to Example 3.17 produces a compact
simple integral affine manifold with singularities (Bˇ, ∆ˇ, Aˇ ) [13]. The
latter induces a bundle X(Bˇ0), dual to X(B0). By applying the Theo-
rem we obtain a compact symplectic manifold (Xˇ, ωˇ) homeomorphic to
Gross’ topological compactification X(Bˇ0), therefore homeomorphic to
a mirror of the quintic.
The affine structures we consider here satisfy a property called sim-
plicity. Essentially, our notion of simplicity coincides with Gross and
Siebert’s simplicity in dimensions n = 2 and 3. Theorem 8.2 should
produce pairs of compact symplectic manifolds fibering over Gross and
Siebert’s integral affine manifolds, therefore producing a vast number of
488 R. CASTAN˜O BERNARD & D. MATESSI
examples of dual Lagrangian T 3 fibrations. For example, in [9], Gross
shows that to the pairs of Calabi-Yau’s constructed with the method of
Batyrev and Borisov as complete intersections in dual Fano toric vari-
eties, one can associate a pair of simple affine manifolds with singulari-
ties which, when compactified, give back a pair of manifolds homeomor-
phic to the two Calabi-Yau’s. The latter statement is the content of [9,
Theorem 0.1], which is proved in [12] by Gross and Siebert. Combining
this with our result, we obtain a construction of symplectic manifolds
fibred by Lagrangian tori, which are homeomorphic to the Batyrev and
Borisov mirror pairs of Calabi-Yau manifolds. Also, another source of
examples may come from the structures constructed in [17, 18, 19],
provided they are simple.
We should mention at this point that Lagrangian T 3 fibrations of
Calabi-Yau manifolds have been constructed before by Ruan [29, 31,
32]. Ruan’s construction does not use integral affine geometry; rather,
it depends on a gradient flow argument. In particular, Ruan’s construc-
tion depends on the embedding inside an ambient manifold. We suspect
that Ruan’s fibrations share many similarities with our symplectic com-
pactifications but we haven’t been able to verify this. It is not clear
what kind of regularity Ruan’s fibrations have, therefore whether they
induce integral affine structures on the base. One interesting aspect of
our method is that it makes explicit connection with the formulation of
Mirror Symmetry in [23] and [14], where affine geometry is essential.
The main motivation of this paper is Mirror Symmetry but we ex-
pect interesting applications in symplectic topology to emerge from the
results we present here. Our construction of Lagrangian fibrations has
a flavor similar to the work on almost toric symplectic geometry of Le-
ung and Symington [25]. A theory on almost toric 6-folds could emerge
from the methods applied in this article. On the other hand, our con-
struction being so explicitly connected to affine geometry, it is possible
that the construction in Theorem 8.2 will eventually shed light onto the
new methods in symplectic enumerative problems arising from tropical
geometry.
The material of this paper is organized as follows. We start giving in
§2 the description of Gross’ compactification of topological T n bundles
with semi-stable monodromy. Here we explain how to modify Gross’
negative fibration to a fibration with a localized thickening near the
negative vertex. In §3 we introduce the integral affine manifolds we
use in the rest of the paper. We formalize our notion of simplicity by
means of standard models of affine manifolds with singularities with
prescribed holonomy. Our notion of simplicity coincides with the one
in [13] in dimension n = 2 and 3. Simplicity is, essentially, a condi-
tion which guarantees that the induced Lagrangian T n bundles have
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semi-stable monodromy that can be compactified. We describe some
examples of non-compact and compact simple integral affine manifolds
with singularities. As an illustration of some of the methods we use,
we show in Theorem 3.22 how, in dimension n = 2, one can produce
symplectic manifolds diffeomorphic to K3 surfaces. In §3 we describe
Lagrangian models of positive and generic fibrations and prove that they
induce integral affine structures which are simple. These models can be
used to produce semi-stable symplectic compactifications over simple
affine manifolds without negative vertices (cf. Theorem 4.19). This is
not enough, in general, to construct symplectic manifolds homeomor-
phic to Calabi-Yaus –such as a quintic and its mirror– as one should
normally include negative vertices. In any event, given the existence of
simple affine bases with positive vertices only (or without any vertices
at all) Theorem 4.19 tells us how to construct a symplectic manifold to-
gether with a Lagrangian fibration over it. In this case, the Lagrangian
fibrations obtained are everywhere smooth and the thickening of the
discriminant is not necessary. There are explicit examples of integral
affine manifolds structures with no vertices [9] and Theorem 4.19 can
be used to produce symplectic compactifications. In §5 we move on
to piecewise smooth fibrations. We give concrete examples of piece-
wise smooth Lagrangian T 3 fibrations. In particular, in Example 5.8
we explicitly construct a Lagrangian version of the topological nega-
tive fibration with fat discriminant given in §2. This model is piecewise
smooth over a large region. In §6 we review some of the techniques we
developed in [3], which allow us to make certain non-smooth Lagrangian
fibrations into smoother ones, such as the one in Example 5.8. The ma-
terial of this section is rather technical and the reader may skip it in a
first reading. In §7 we construct Lagrangian fibrations of negative type.
These are local models whose discriminant is a localized thickening of
a 3-valent negative vertex p−. The fibration is smooth away from a 2-
disc Dp− containing the codimension 1 component of the discriminant.
Away from Dp−, the affine structure is integral and simple. Finally, in
§8 we prove Theorem 8.2.
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2. The topology
In this section we review Mark Gross’ Topological Mirror Symmetry
[8], which is the starting point for the results of this paper. Gross de-
veloped a method to compactify certain T n bundles over n-dimensional
manifolds to obtain topological models of Calabi-Yau manifolds. We
now outline how this method works. Along the way, we discuss how
Gross’ method can be modified to produce topological fibrations with
mixed codimension one and two discriminant locus. We focus in dimen-
sion n = 2 and 3.
A topological T n fibration f : X → B is a continuous, proper, surjec-
tive map between smooth manifolds, dimX = 2n, dimB = n, such that
for a dense open set B0 ⊆ B and for all b ∈ B0 the fibre Xb = f−1(b)
is homeomorphic to an n-torus. We call the set ∆ := B − B0 the dis-
criminant locus of f . Sometimes we will denote a topological fibration
by a triple F = (X, f,B). Notice that this notion of fibration differs
from the usual differential geometric one in the sense that here F is al-
lowed to have singular fibres over points in ∆. Allowing singular fibres is
necessary if we aim at obtaining total spaces with interesting topology,
such as Calabi-Yau manifolds other than complex tori. When X is a
symplectic manifold, with symplectic form ω, a topological T n-fibration
is said to be Lagrangian if ω restricted to the smooth part of every fibre
vanishes.
Definition 2.1. Let F = (X, f,B) and F ′ = (X ′, f ′, B′) be a pair of
topological fibrations with discriminant loci ∆ and ∆′ respectively. We
define the following notions of conjugacy between F and F ′:
(i) We say that F is conjugate to F ′ if there exist a homeomorphism
ψ : X → X ′ and a homeomorphism φ : B → B′ sending ∆ to ∆′
homeomorphically, such that f ′ ◦ ψ = φ ◦ f . We shall say that F
is (ψ, φ)-conjugate to F ′ whenever the specification is required.
(ii) If in additionX andX ′ are symplectic manifolds and the fibrations
are Lagrangian, we will say that F is symplectically conjugate to
F ′ if ψ is a C∞ symplectomorphism and φ is a C∞ diffeomorphism.
(iii) Given points b ∈ ∆ and b′ ∈ ∆′, we shall say that F is (sym-
plectically) conjugate to F ′ over ∆ (or over b and b′) if there are
neighborhoods U and U ′ of ∆ and ∆′ (or of b and b′) respec-
tively, such that (f−1(U), f, U) is (symplectically) conjugate to
((f ′)−1(U ′), f ′, U ′).
Part (iii) can also be found in the literature as semi-global (symplec-
tic) equivalence as it involves a fibred neighborhood of a fibre but not
the total space. When F carries additional specified data, –e.g., a (La-
grangian) section or a choice of basis of H1(X,Z)– one may also consider
a slightly stronger version of (i)–(iii) which requires that the specified
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data is preserved, e.g., that φ sends the section of f to the section of f ′
and a basis ofH1(X,Z) to a basis ofH1(X
′,Z) . Clearly all three notions
define equivalence relations. The corresponding equivalence classes will
be called germs of fibrations. Throughout this article we will often use
conjugation to topologically or symplectically glue together fibred sets
in order to obtain larger fibred sets and eventually produce compact
(symplectic) manifolds. Given a topological (or Lagrangian) fibration
F = (X, f,B) and a subset U ⊂ B, we will often use the notation
F|U to denote the fibration (f−1(U), f, U) and we will refer to it as the
restriction of F to U .
The topological fibrations considered by Gross have everywhere codi-
mension two discriminant. For n = 2, ∆ is a finite collection of points
and the singular fibres are nodal. For n = 3, ∆ is a connected triva-
lent graph with vertices labeled ‘positive’ or ‘negative’. There are three
types of singular fibres in this case: generic-singular fibres, i.e., the
product of a nodal fibre with S1; positive fibres, i.e., a 3-torus with a
2-cycle collapsed to a point; and negative fibres, singular along a ‘figure
eight’. For a more detailed description of these singular fibres we refer
the reader to Examples 2.6, 2.7, 2.8 and 2.10 below or to [8] for further
details.
In this article, we will allow ∆ to jump dimension, i.e., ∆ will include
the region ∆a ⊆ ∆, which may be regarded as a “fattening” of a graph
near negative vertices. We also propose a new model with discriminant
locus of type ∆a (cf. Example 2.9) which is an alternative to Gross’
negative fibration and, in some sense, it is a more generic version of
it. The idea of using models with codimension one discriminant was
first suggested by Joyce [22, §8], based on his knowledge of special
Lagrangian singularities. Ruan’s Lagrangian fibrations [30, 29, 31, 32]
also have codimension one discriminant loci.
Consider the following three closed subsets of R3:
Ce = {x1 = x2 = 0},
Cd = {x1 = x2 = 0, x3 ≤ 0}
∪ {x1 = x3 = 0, x2 ≤ 0}
∪ {x1 = 0, x2 = x3 ≥ 0}
Ca = Cd ∪
{
x1 = 0, x
2
2 + x
2
3 ≤
1
2
}
.
Clearly Cd is a model of a neighborhood of a vertex in a three valent
graph and Ca can be regarded as a fattening of Cd around the vertex.
We also denote by D3 the open unit ball in R3.
In this paper, we consider fibrations satisfying the following topolog-
ical properties:
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Assumption 2.2. Let F = (X, f,B) be a topological T n fibration
with discriminant locus ∆ ⊆ B and fibre Xb over b ∈ B. We assume
that F satisfies the following conditions:
1) For n = 2, ∆ is a finite union of points and given a small neighbor-
hood U of a point in ∆, the fibration F|U is topologically conjugate
to a nodal fibration (see Example 2.6).
2) For n = 3, there is a finite covering {Ui} of ∆ with open subsets
of B such that, for each i, one of the following three possibilities
occurs (see also Figure 1):
a) the pair (Ui, Ui ∩ ∆) is homeomorphic to (D3,D3 ∩ Cd) and
F|Ui is topologically conjugate to either a positive or a negative
fibration (see Examples 2.10 and 2.8);
b) the pair (Ui, Ui∩∆) is homeomorphic to (D3,D3∩Ca) and F|Ui
is topologically conjugate to an alternative negative fibration
(see Example 2.9);
c) the pair (Ui, Ui ∩ ∆) is homeomorphic to (D3,D3 ∩ Ce) and
F|Ui is topologically conjugate to a generic-singular fibration
(see Example 2.7).
We denote by ∆d the set of points in ∆ belonging to a Ui satisfying
(a), which are the vertices of Ui ∩∆. We call these points vertices
of ∆. We denote by ∆a the union of the sets Ui ∩ ∆, where Ui
satisfies (b); we can assume these sets to be pairwise disjoint. A
point in ∆ admitting an open neighborhood U of B such that
(U,U ∩ ∆) is homeomorphic to (D3,D3 ∩ Ce) is called an edge
point. We denote by ∆g the set of edge points.
Figure 1. The three possibilities for Ui ∩∆, n = 3.
We denote by Σ the locus formed by the singularities of all the fibres,
therefore sometimes Σ will also be denoted by Crit(f); when f is smooth,
Crit(f) will indeed coincide with the set of critical points of f . We insist,
however, that f is not a priori required to be a smooth map. In fact,
we will see that, near ∆a, our fibrations are not smooth. Inspired by
tropical geometry, we refer to a connected component of ∆a as a 3-legged
amoeba (with thin ends). As we will see later when we will introduce
affine structures, an important property of ∆a is that it is locally planar,
i.e., each connected component of ∆a is contained, in some sense, in a
2-plane.
LAGRANGIAN 3-TORUS FIBRATIONS 493
Definition 2.3. Let f : X → B be a topological T n fibration and
let U ⊂ B be an open contractible neighborhood of b ∈ ∆ such that
U ∩ ∆ = {b}, when n = 2; or else, when n = 3, such that U satisfies
(a), (b) or (c) in point 2 of Assumption 2.2. Let Xb0 be a fibre over
b0 ∈ U −∆. Consider the monodromy representation
Mb : pi1(U −∆, b0)→ SL(H1(Xb0 ,Z)).
The image of Mb is called the local monodromy group about Xb (also
denoted by Mb).
Now we review the local models of these fibrations. For the details
we refer the reader to [8, §2]. The construction of the local models relies
on the following:
Proposition 2.4. Let Y be a manifold of dimension 2n−1. Let Σ ⊆
Y be an oriented submanifold of codimension three and let Y ′ = Y −Σ.
Let pi′ : X ′ → Y ′ be a principal S1-bundle over Y ′ with Chern class
c1 = ±1. For each triple (Y,Σ, pi′) there is a unique compactification
X = X ′ ∪ Σ extending the topology of X ′, making X into a manifold
and such that
X ′ ↪→ X
↓ ↓
Y ′ ↪→ Y
commutes, with pi : X → Y proper and pi|Σ : Σ→ Σ the identity.
Remark 2.5. One can explicitly describe the above compactification
as follows. For any point p ∈ Σ there is a neighborhood U ⊂ Y of p
such that U ∼= R3×Cn−2 and U ∩Σ can be identified with {0} ×Cn−2.
By unicity of pi, there is a commutative diagram
(1)
pi−1(U)
∼=−−−−→ C2 × Cn−2
pi
y p¯iy
U
∼=−−−−→ R3 × Cn−2
where p¯i(z1, z2, ζ) = (|z1|2 − |z2|2, z1z2, ζ), ζ ∈ Cn−2.
The constructions of topological T n fibrations in this section are based
on the following basic principle. One starts with a manifold Y = B ×
T n−1 with dimB = n, a submanifold Σ ⊂ Y and a map pi : X → Y
as in Proposition 2.4. The trivial T n−1 fibration P : Y → B can be
lifted to a T n fibration f := P ◦ pi : X → B with discriminant locus
∆ := P (Σ). One can readily see that for b ∈ ∆, the singularities of
the fibre Xb occur along Σ ∩ P−1(b). The set Σ –which is the locus of
singular fibres of pi– can be regarded as the locus where the vanishing
cycles of the fibres of f collapse (cf. Figure 2).
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pi
X
Y
P
B
∆
Σ
Figure 2. Negative fibration.
Example 2.6 (Nodal fibration). This example is the topological
model for the fibration over a point of ∆ in the case n = 2. Let D
be the unit disc in C and D∗ = D − {0}. Let f0 : X0 → D∗ be
a T 2-bundle with monodromy generated by
(
1 0
1 1
)
. We can use
Proposition 2.4 to compactify X0 as follows. The monodromy invari-
ant cycle, L ∈ H1(f−10 (b),Z), induces a fibre preserving T (L) action,
with T (L) = RL/ZL. The quotient modulo this action yields an S1-
bundle pi0 : X0 → Y0 = D∗ × S1. One can verify that pi0 extends
to an S1-bundle pi′ : X ′ → Y ′ = D × S1 − {(0, p)}, where p ∈ S1.
Furthermore c1(pi
′) = ±1. Then Proposition 2.4 ensures that X ′ com-
pactifies to a manifold X = X ′ ∪ {pt} and that there is a proper map
pi : X → Y = D × S1 extending pi′. Defining P : Y → D as the pro-
jection map, we obtain a fibration f = P ◦ pi : X → D extending f0.
The only singular fibre, f−1(0), is homeomorphic to T 2 = S1×S1 after
S1 × {x} ⊂ T 2 is collapsed to x. We denote this fibre by I1, following
Kodaira’s notation for singular fibres of elliptic fibrations. In Hamilton-
ian mechanics, a Lagrangian fibration with this topology is known as a
focus-focus fibration.
Example 2.7 (Generic singular fibration). This example is the model
for the fibration over a neighborhood of an edge point of ∆ – in [8] this
is called (2, 2) fibration. Let B = D × (0, 1), where D ⊂ C is the unit
disc, and let Y = T 2×B. Define Σ ⊂ Y to be the cylinder sitting above
{0} × (0, 1) ⊂ B defined as follows. Let e1, e3 be a basis of H1(T 2,Z).
Let S1 ⊂ T 2 be a circle representing the homology class e3. Define
Σ = S1 × {0} × (0, 1). Now let pi′ : X ′ → Y ′ := Y −Σ be an S1-bundle
with Chern class c1 = 1. ThenX
′ compactifies to a manifoldX = X ′∪Σ
and there is a proper map pi : X → Y extending pi′. We can now define
f = P ◦ pi : X → B where P : Y → B is the projection. Then it is clear
f is a T 3 fibration with singular fibres homeomorphic to I1 × S1 lying
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over ∆ := {0} × (0, 1). If e2 is an orbit of pi, one can take e1, e2, e3 as a
basis of H1(Xb,Z), where Xb is a regular fibre. In this basis, e2 and e3
are monodromy invariant and a generator of the monodromy group of
f about ∆ is represented in this basis by
(2) T =

 1 0 01 1 0
0 0 1

 .
Example 2.8 (Negative fibration). This example is one of the two
models over a neighborhood of a point in ∆d – in [8] this is called (2, 1)
fibration. Let Y = T 2 × B with B homeomorphic to a 3-ball. Let
∆ ⊂ B be a cone over three distinct, non-collinear points. We write
∆ = {b0} ∪ ∆1 ∪ ∆2 ∪ ∆3 where b0 is the vertex of ∆ and the ∆i are
the legs of ∆. Fix a basis e2, e3 for H1(T
2,Z). Define Σ ⊂ T 2 × B to
be a pair of pants lying over ∆ such that for i = 1, 2, 3, Σ ∩ (T 2 ×∆i)
is a leg of Σ which is the cylinder generated by −e3, −e2 and e2 + e3
respectively. These legs are glued together along a nodal curve or ‘figure
eight’ lying over b0. Now consider an S
1-bundle pi′ : X ′ → Y ′ = Y − Σ
with Chern class c1 = 1. This bundle compactifies to pi : X → Y . Now
consider the projection map P : Y → B. The composition f = P ◦ pi is
a proper map. The generic fibre of f is a 3-torus. For b ∈ ∆ the fibre
f−1(b) is singular along P−1(b) ∩ Σ, which is a circle when b ∈ ∆i, or
the aforementioned figure eight when b = b0. Thus the fibres over ∆i
are homeomorphic to I1×S1, whereas the central fibre, Xb0 , is singular
along a nodal curve. A regular fibre can be regarded as the total space
of an S1-bundle over P−1(b). We can take as a basis of H1(Xb,Z),
e1(b), e2(b), e3(b), where e2 and e3 are the 1-cycles in P
−1(b) = T 2 as
before and e1 is a fibre of the S
1-bundle. The cycle e1(b) vanishes as
b → ∆. In this basis, the matrices generating the monodromy group
corresponding to loops gi about ∆i with g1g2g3 = 1, (cf. Figure 3) are
(3)
T1 =

 1 1 00 1 0
0 0 1

 , T2 =

 1 0 −10 1 0
0 0 1

 , T3 =

 1 −1 10 1 0
0 0 1

 .
Example 2.9 (Alternative negative fibration). This is the local
model for a fibration over a neighborhood of a component of ∆a. Con-
sider Y and Σ as in Example 2.8. Now think of making a small per-
turbation of Σ just in a neighborhood of the “figure eight” – i.e., where
the three cylinders forming Σ are joined together – and leaving the rest
unchanged. A generic perturbation will be such that, near the fibre over
b0, Σ will intersect the fibres of P : Y → B in isolated points. Then
P (Σ) will have the shape of a 3-legged amoeba. One then constructs the
bundle pi′ : X ′ → Y ′ = Y −Σ with Chern class c1 = 1 and compactifies
it to pi : X → Y . The total fibration is f = P ◦ pi.
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g1
g2
g3
b
Figure 3. Loops g1, g2 and g3, such that g1g2g3 = 1.
We can give an explicit construction of a fibration of this type, fol-
lowing ideas in [7, §4]. Consider the T 2 fibration Log(v1, v2) = (log |v1|,
log |v2|) on (C∗)2. Let Y = R× (C∗)2 and P be the fibration
P : (t, v) 7→ (t,Log v),
where t ∈ R and v = (v1, v2) ∈ (C∗)2. Define a surface Σ′ in (C∗)2 to be
Σ′ = {v1 + v2 + 1 = 0},
and view it as a surface in {0} × (C∗)2 ⊂ Y . Clearly P (Σ′) is {0} ×
Log(Σ′) and one can compute that it has the shape depicted in Figure 4.
Images by Log of algebraic curves in (C∗)2 are known in the literature
as amoebas, and this explains the name we gave to the components of
∆a.
Figure 4. Amoeba of v1 + v2 + 1 = 0.
As a surface in C2, Σ′ intersects {v1 = 0} in q1 = (0,−1) and {v2 = 0}
in q2 = (−1, 0). One can see that in a small neighborhood of q1 one
can twist Σ′ slightly, so to make it coincide, in a smaller neighborhood,
with {v2 = −1}. Similarly one can twist Σ′ near q2, so to make it
coincide with {v1 = −1}. Finally, when |v1| and |v2| are both big, we
can twist Σ′ so to coincide with {v1+v2 = 0}. Let Σ be this new twisted
version of Σ′. A schematic description of these twistings is described in
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Figure 5, where Σ′ is the light-colored diagonal line and Σ is the over-
imposed twisted dark line. It is clear that P (Σ) = {0} × Log(Σ) will
have the shape of a 3-legged amoeba whose legs have been pinched to
1-dimensional segments toward the ends, as depicted in the right-hand
side of Figure 5 (Mikhalkin [27] also defines a similar construction and
calls this shape a localized amoeba). The bundle pi′ : X ′ → Y ′ = Y −Σ
with Chern class c1 = 1 and its compactification pi : X → Y can again
be constructed. The fibration is f = P ◦ pi and ∆ = P (Σ).
C∗ × C∗
−1
−1
Log
Figure 5. The twisted Σ gives and amoeba with thin legs.
We give a description of the fibration over the codimension 1 part of
∆. One can see that the fibres of Log over a point in the interior of
the amoeba intersect Σ in two distinct points. These two points come
together to a double point as the base point approaches the boundary
of the amoeba. If p1 and p2 are two points on T
2 –which may coincide–
then the singular fibres of f look like S1×T 2 after S1×{pj} is collapsed
to a point. This behavior is topologically the same as the one conjec-
tured by Joyce [22] for special Lagrangian T 3 fibrations. Moreover, the
singularities of the fibres are modeled on those of an explicit example of
a special Lagrangian fibration with non-compact fibres (cf. Joyce [22,
§5]).
In view of Proposition 2.4 and Remark 2.5, the total space X in
this example is diffeomorphic to the one in Example 2.8, although the
fibrations differ. In both cases the singularities of the fibres occur along
the intersection of the critical surface Σ with the fibres of P . But the
intersections happen in a different way. In Example 2.8 they occur either
along circles, or along a figure eight. Here they occur along circles when
the fibre is over a point in the codimension 2 part of ∆ and as isolated
points when the fibre is over a point in the codimension 1 part. As
argued by Joyce, the isolated singularities are more generic in certain
sense (cf. [22, §3]). A schematic description of the fibration over the
codimension 1 part of ∆ is depicted in Figure 6. It can be compared
498 R. CASTAN˜O BERNARD & D. MATESSI
with Figure 2. We remark that over the codimension 2 part of ∆,
the fibration has the same topology of the generic singular fibration of
Example 2.7. It follows that the monodromy around the legs is same as
the monodromy of Example 2.8, i.e., it is represented by the matrices
(3).
X
Y
P
pi
R3
Σ
Figure 6. Negative fibration with amoeba-like discriminant.
Most of the effort in this paper is devoted to the construction of
a fibration as in the previous example which is also Lagrangian with
respect to a symplectic form on X. In the process we will also make
more explicit the twistings which allow us to deform Σ′ into Σ.
Observe that in the above examples there is a fibre-preserving S1-
action, induced by the S1 bundle pi′. One can use the same principle
to construct T 2-invariant fibrations starting from suitable compactifica-
tions of T 2-bundles:
Example 2.10 (Positive fibration). This model is the other possible
fibration over a neighborhood of a point in ∆d –in [8] this is called
(1, 2) fibration. Let Y = S1 × B with B and ∆ ⊂ B as in Example
2.8. Let Y ′ = Y \ ({p} × ∆), where p ∈ S1. Let L ∼= Z2 and define
T (L) = L⊗Z R /L. Now consider a principal T (L)-bundle pi′ : X ′ → Y ′.
Under some mild assumptions on pi′ (cf. [8, Prop. 2.9]), there is a unique
manifold X with X ′ ⊂ X extending the topology of X ′ and a proper
extension pi : X → Y of pi′. The composition of pi with the projection
Y → B defines a topological T 3-fibration, f : X → B. The fibre of f
over b ∈ B \∆ is T 3. The fibre over b ∈ ∆i is homeomorphic to S1× I1,
whereas the fibre over the vertex b0 ∈ ∆ is homeomorphic to S1 × T 2/
({x} × T 2), x ∈ S1. It is proved in [8] that the monodromy group of
this model is generated, in some basis, by the inverse transpose of the
matrices (3). The reader should not worry, at this point, for the lack of
details in this description as we will give explicit Lagrangian models for
this example later on.
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Notice that the monodromy representation of the above models is
semi-stable, in other words the monodromy matrices of Mb are unipo-
tent. This terminology is imported from the classical theory of elliptic
fibrations. The topological models described above may be regarded
as 3-dimensional topological analogues to semi-stable singular elliptic
fibres. We are now ready to state Gross’ result. We refer the reader to
[8, §2] for the details:
Theorem 2.11 (Gross). Let B be a 3-manifold and let B0 ⊆ B be a
dense open set such that ∆ := B−B0 is a trivalent graph, i.e., such that
∆ = ∆d ∪∆g. Assume that the vertices of ∆ are labeled, i.e., ∆d de-
composes as a union ∆+∪∆− of positive and negative vertices. Suppose
there is a T 3 bundle f0 : X(B0) → B0 such that its local monodromy
Mb is generated by
1) T as in (2), when b ∈ ∆g;
2) T1, T2, T3 as in (3), when b ∈ ∆−;
3) (T t1)
−1, (T t2)−1, (T t3)−1, when b ∈ ∆+.
Then there is a T 3 fibration f : X → B and a commutative diagram
X(B0) ↪→ X
↓ ↓
B0 ↪→ B.
Over connected components of ∆g, (X, f,B) is conjugate to the generic
singular fibration, over points of ∆+ it is conjugate to the positive fibra-
tion and over points of ∆− to the negative fibration.
A topological manifold X obtained from X(B0) as in Theorem 2.11 is
called a topological semi-stable compactification. Fibrations arising from
semi-stable compactifications satisfy the topological property called G-
simplicity in [8, §2]. This is intimately related to the affine simplicity of
the subsequent sections. It is due to simplicity that Theorem 2.11 may
be used to produce dual T 3 fibrations of manifolds homeomorphic to
mirror pairs of Calabi-Yau manifolds. In §3 we shall review Gross’ con-
struction of a T 3 bundleX(B0) which compactifies to a smooth manifold
X homeomorphic to the quintic hypersurface in P4. The compactifica-
tion of the dual bundle produces a manifold, Xˇ , which is homeomorphic
to the mirror quintic. This construction gives evidence that the SYZ
duality should indeed explain Mirror Symmetry.
Theorem 2.11 could be stated and proved, with little effort, replacing
∆− with ∆a, i.e., replacing a neighborhood of each negative vertex, with
a 3-legged amoeba. Over connected components of ∆a, the resulting
fibration would then be conjugate to the alternative negative fibration
of Example 2.9 but the topology of the total space remains the same. In
fact we can do more: the main result of this paper is the proof that there
exist symplectic semi-stable compactifications with respect to which the
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fibres are Lagrangian. The starting point for this compactifications
will be the Lagrangian T 3 bundles obtained from affine 3-dimensional
manifolds.
3. Affine manifolds and Lagrangian fibrations
Let us denote by Aff(R) = Rn o Gl(n,R) the group of affine linear
transformations, i.e., elements in Aff(R) are maps A : Rn → Rn, A(x) =
L(x) + v, where L ∈ Gl(n,R) and v ∈ Rn. The subgroup of Aff(R)
consisting of affine linear transformations with integral linear part will
be denoted by:
AffR(Z) = R
n
o Gl(n,Z).
Let us denote by
Aff(Rn,Rn
′
) = Rn
′ ×Hom(Rn,Rn′)
and by
AffR(Z
n,Zn
′
) = Rn
′ ×Hom(Zn,Zn′).
Definition 3.1. Let B be a topological n-dimensional manifold.
(i) An affine manifold is a pair (B,A ) where B is an n-dimensional
manifold and A is a maximal atlas on B whose transition maps
are Aff(R) transformations. We call A an affine structure on B.
(ii) An affine manifold (B,A ) is integral if the transition maps of the
affine structure A are AffR(Z) transformations. We call A an
integral affine structure on B.
(iii) A continuous map α : B → B′ is (integral ) affine if on each local
coordinate chart, α is an element of (AffR(Z
n,Zn
′
)) Aff(Rn,Rn
′
).
Two (integral) affine manifolds B and B′ are said to be (integral )
affine isomorphic if there is an (integral) affine homeomorphism
between them.
It is becoming standard to call an affine manifold as in (ii) tropi-
cal manifold [10]. Though convenient for various good reasons, this
is not a well established terminology at the time this paper is being
written, so we prefer to stick to definition (ii) instead. Our convention
coincides with that in [24] and [17] and differs from [14]. Affine man-
ifolds whose structure group is Aff(Z) = Zn o Gl(n,Z) will be denoted
Aff(Z)-manifolds (these are called integral affine in [14]).
Given an affine manifold (B,A ), consider a chart (U, φ) ∈ A with
affine coordinates φ = (u1, . . . , un). The cotangent bundle T
∗
B admits a
flat connection ∇ defined by
∇duj = 0,
for all j = 1, . . . , n and all charts (U, φ) ∈ A . When (B,A ) is integral
affine we can also define a maximal integral lattice Λ ⊂ T ∗B by
Λ|U = spanZ〈du1, . . ., dun〉
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for all (U, φ) ∈ A . Therefore to every integral affine manifold (B,A )
we can associate the 2n-dimensional manifold
X(B,A ) = T ∗B/Λ,
which together with the projection f : X(B,A ) → B forms a T n fibre
bundle. Also notice that the standard symplectic form ω on T ∗B descends
to X(B,A ) and the fibres of f are Lagrangian.
The flat connection ∇ on T ∗B of an integral affine manifold (B,A )
has a holonomy representation ρ∗ : pi1(B, b) → Gl(n,Z) obtained by
parallel transport along closed paths. A choice of basis of Λb is iden-
tified naturally with a choice of basis of H1(f
−1(b),Z). Under this
identification, the holonomy representation ρ∗ coincides with the mon-
odromy representation of the bundle X(B,A ) → B. More precisely, if
g ∈ pi1(B, b) and Mb(g) is the corresponding monodromy matrix, then
Mb(g) = ρ∗(g). The integral affine manifold (B,A ) also induces a flat
connection on TB whose holonomy representation, ρ, is dual to ρ
∗, i.e.,
the matrix ρ(g) is the inverse transpose of ρ∗(g). In what follows, unless
otherwise stated, “holonomy representation” should be understood as
the holonomy representation of the aforementioned flat connection on
the cotangent bundle T ∗B .
It is well known that affine manifolds arise naturally from Lagrangian
fibrations. This is the classical theory of action-angle coordinates in
Hamiltonian mechanics.
3.1. Action-angle coordinates.We review here some standard facts
about Lagrangian fibrations which we will use in the next sections.
For details we refer to Duistermaat [5]. Assume we are given a 2n-
dimensional symplectic manifold X with symplectic form ω, a smooth
n-dimensional manifold B and a proper smooth submersion f : X → B
whose fibres are connected Lagrangian submanifolds. For every b ∈ B,
denote by Fb the fibre of f at b.
Proposition 3.2 (Arnold-Liouville). In the above situation, for ev-
ery b ∈ B, T ∗b B acts transitively on Fb. In particular, there exists a
maximal sub-lattice Λb of T
∗
b B such that Fb is naturally diffeomorphic
to T ∗b B/Λb; therefore Fb is an n-torus.
Proof. To every α ∈ T ∗b B we can associate a vector field vα on Fb by
ιvαω = f
∗α.
Let φtα be the flow of vα with time t ∈ R. Then we define the action θα
of α on Fb by
θα(p) = φ
1
α(p),
where p ∈ Fb. One can check that such an action is well defined and
transitive. Then, Λb defined as
Λb = {λ ∈ T ∗b B | θλ(p) = p, for all p ∈ Fb}
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is a closed discrete subgroup of T ∗b B, i.e., a lattice. From the properness
of Fb it follows that Λb is maximal (in particular homomorphic to Z
n)
and that Fb is diffeomorphic to T
∗
b B/Λb. q.e.d.
We denote Λ = ∪b∈BΛb. Given the presheaf on B defined by U 7→
H1(f
−1(U),Z), the associated sheaf is a locally constant sheaf. We can
identify it with Λ as follows. Let U ⊆ B be a contractible open set. For
every b ∈ U , H1(Fb,Z) can be naturally identified with H1(f−1(U),Z).
To every γ ∈ H1(f−1(U),Z), we can associate a 1-form λ on U as
follows. For every vector field v on U , if we denote by v˜ a lift, define
(4) λ(v) = −
∫
γ
ιv˜ω.
It turns out that this identifies the above sheaf with Λ ⊂ T ∗B . If
γ1, . . . , γn are a basis forH1(Fb,Z), then (4) gives us a Z-basis λ1, . . . , λn
of Λ over a contractible open neighborhood U of b.
In particular, one can read the monodromy of f : X → B from the
monodromy of Λ. We state now the fundamental theorem of smooth
proper Lagrangian submersions:
Theorem 3.3 (Duistermaat). Given a basis {γ1, ..., γn} of H1(Fb,Z),
then the corresponding 1-forms λ1, . . . , λn defined on a contractible open
neighborhood U of b are closed and locally generate Λ. In particular,
Λ is Lagrangian with respect to the standard symplectic structure in
T ∗B. A choice of functions aj such that λj = daj defines coordinates
a = (a1, . . . , an) called action coordinates. A covering {Ui} of B by con-
tractible open sets and a choice of action coordinates on each Ui defines
an integral affine structure A on B. Moreover, if f has a Lagrangian
section σ : U → X over an open set U ⊆ B, then there is a natural
symplectomorphism
(5) Θ : T ∗U/Λ→ f−1(U).
If σ is a global section then X(B,A ) is symplectically conjugate to X.
If in addition the monodromy of Λ is trivial, X is symplectically con-
jugate to B × T n. The map Θ is called the period map or action-angle
coordinates map.
Proof. We just give a sketch of the proof. Using the Weinstein neigh-
borhood theorem one can show that in a sufficiently small tubular neigh-
borhood of a fibre Fb, the symplectic form is exact, i.e ω = −dη for some
1-form η. Notice that η|Fb is a closed 1-form. Define functions aj on U
by
aj =
∫
γj
η.
One can show that
λj = daj
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and therefore λj is closed. It is clear that the coordinates a = (a1, ..., an)
are well defined up to an integral affine transformation and therefore
they define an integral affine structure on B inducing the lattice Λ in
T ∗B . Finally, notice that given a section σ : U → X we have a covering
map
T ∗U → f−1(U)
α 7→ θα(σ(pi(α))).
This map induces a diffeomorphism between T ∗U/Λ and f
−1(U). One can
check that in the case σ is Lagrangian this map is a symplectomorphism.
For the proof of the last statement we refer the reader to [5]. q.e.d.
Corollary 3.4. Let F = (X, f,B) and F ′ = (X ′, f ′, B′) be smooth
proper Lagrangian fibrations inducing integral affine structures A and
A ′ on B and B′ respectively. Assume there exist Lagrangian sections
σ and σ′ of f and f ′ respectively. Then an integral affine isomorphism
φ between B and B′ induces a symplectic (ψ, φ)-conjugation between F
and F ′ such that ψ ◦ σ = σ′ ◦ φ.
The following is an easy but important consequence of Arnold-
Liouville-Duistermaat theorem:
Corollary 3.5. Proper Lagrangian submersions do not have semi-
global symplectic invariants. In other words, all such fibrations are
symplectically conjugate to U × T n when restricted to a small enough
neighborhood U of a base point.
It is clear that smoothness of the fibration map plays a crucial role in
the above result. Semi-global invariants do arise for certain piecewise
C∞ Lagrangian fibrations [3]. We say more about this in §6.
3.2. Affine manifolds with singularities.When a Lagrangian fi-
bration has singular fibres, its base is no longer an affine manifold but
an affine manifold with singularities. These singularities can be a priori
rather complicated. The topological properties described in §2 motivate
the following:
Definition 3.6. An (integral) affine manifold with singularities con-
sists of a triple (B,∆,A ), where B is a topological n-dimensional mani-
fold, ∆ ⊂ B a set which is locally a finite union of locally closed subman-
ifolds of codimension at least 2 and A is an (integral) affine structure
on B0 = B −∆. A continuous map between (integral) affine manifolds
with singularities
α : B → B′
is (integral) affine if α−1(B′0) ∩ B0 is dense in B and the restriction
α0 = α|α−1(B′0)∩B0 :
α0 : α
−1(B′0) ∩B0 → B′0
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is an (integral) affine map. We say that α is an (integral) affine isomor-
phism if α is an homeomorphism and α0 is an (integral) affine isomor-
phism of (integral) affine manifolds.
From now on we restrict to dimension n = 2 or 3. Let (B,∆,A )
be an affine manifold with singularities and let (B0,A ) be the corre-
sponding affine manifold. Let X(B0,A ) be the Lagrangian T
n bundle
over B0 as introduced at the beginning of this section. We shall start
imposing conditions on the singularities of the affine structure which, in
particular, will imply that X(B0,A ) is of the topological type described
in §2, e.g., such that X(B0,A ) will have semi-stable monodromy as in
Theorem 2.11.
We start defining local models of integral affine manifolds with sin-
gularities. In dimension 2, the allowed behavior is described in the
following:
Example 3.7 (The node). We define an affine structure with sin-
gularities on B = R2. Let ∆ = {0} and let (x1, x2) be the standard
coordinates on B. As the covering {Ui} of B0 = R2 − ∆ we take the
following two sets
U1 = R
2 − {x2 = 0 and x1 ≥ 0},
U2 = R
2 − {x2 = 0 and x1 ≤ 0}.
Denote by H+ the set {x2 > 0} and by H− the set {x2 < 0}. Let T be
the matrix
(6) T =
(
1 0
1 1
)
.
The coordinate maps φ1 and φ2 on U1 and U2 are defined as follows
φ1 = Id
φ2 =
{
Id on H¯+ ∩ U2,
(T−1)t on H−.
The atlas A = {Ui, φi}i=1,2 is clearly an affine structure on B0. It
is easy to check that given a point b ∈ B0, we can chose a basis of
T ∗b B0 with respect to which the holonomy representation ρ
∗ sends the
anti-clockwise oriented generator of pi1(B0) to the matrix T .
In dimension 3 we have the following models.
Example 3.8 (The edge). Let I ⊆ R be an open interval. Consider
B = R2×I and ∆ = {0}×I. On B0 = (R2−{0})×I we take the product
affine structure between the affine structure on R2 − {0} described in
the previous example and the standard affine structure on I.
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Example 3.9 (A variation). In the previous example the discrimi-
nant locus ∆ was a straight line. We can slightly perturb ∆ so that it
becomes a smooth curve. More precisely, let B = R2 × I as before and
consider a smooth function τ : I → R. Let
∆τ = {(τ(s), 0, s), s ∈ I} ⊂ B
and define a covering {Ui} of B0 = B −∆τ to be
U1 = (R
2 × I)− {(x1, 0, s) | x1 ≥ τ(s)},
U2 = (R
2 × I)− {(x1, 0, s) | x1 ≤ τ(s)}.
Now let H+ = {x2 > 0} and H− = {x2 < 0}. Take the following matrix
T =

 1 0 01 1 0
0 0 1


and define maps φj on Uj to be
φ1 = Id
φ2 =
{
Id on H¯+ ∩ U2,
(T−1)t on H−.
Clearly A = {Ui, φi}i=1,2 defines an affine structure on B0 = B −∆τ .
When τ = 0, this example coincides with the previous one. Notice that
the curve (τ(s), 0, s) is contained inside the 2-plane {x2 = 0}, which
can be viewed as an integral surface of the distribution spanned by
the vectors in TB0 which are invariant with respect to the holonomy
representation ρ on TB0. Two different curves give non-isomorphic
singular affine structures, unless the curves can be taken one into the
other via an integral affine transformation.
Example 3.10 (Positive vertex). Let B = R×R2 and let (x1, x2, x3)
be coordinates in B. Identify R2 with {0} ×R2. Inside R2 consider the
cone over three points:
∆ = {x2 = 0, x3 ≤ 0} ∪ {x3 = 0, x2 ≤ 0} ∪ {x2 = x3, x3 ≥ 0}.
Now define closed sets in B
R = R×∆,
R+ = R≥0 ×∆,
R− = R≤0 ×∆,
and consider the following cover {Ui} of R3 −∆:
U1 = R
3 −R+,
U2 = R
3 −R−.
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It is clear that U1 ∩ U2 has the following three connected components
V1 = {x2 < 0, x3 < 0},
V2 = {x2 > 0, x2 > x3},
V3 = {x3 > 0, x3 > x2}.
Take two matrices
(7) T1 =

 1 1 00 1 0
0 0 1

 , T2 =

 1 0 −10 1 0
0 0 1

 .
Now on U1, U2 we define coordinate maps φ1, φ2 as follows
φ1 = Id,
φ2 =


Id on V¯1 ∩ U2,
T−11 on V¯2 ∩ U2,
T2 on V¯3 ∩ U2.
Again we see that A = {Ui, φi}i=1,2 gives an affine structure on B0 =
R
3 −∆. One can compute that given a point b ∈ B0 and closed paths
g1, g2 and g3 as in Figure 3, we can choose a basis of T
∗
b B0 with respect
to which the holonomy matrices satisfy ρ∗(gj) = (T−1j )
t for j = 1, 2.
Example 3.11 (A variation). In the previous example, ∆ was a
graph with three edges meeting in one vertex. All three edges were
straight lines. In the spirit of Example 3.9 we can perturb each edge of
∆ to a smooth curve starting at the vertex. Each straight edge of the
previous example is contained in a 2-plane which is an integral plane
of the distribution spanned by the vectors which are invariant with
respect to the holonomy around that edge. For example, consider the
edge E1 = {x1 = x2 = 0, x3 ≤ 0} of ∆. Then E1 is contained inside
the half plane, P1 = {x2 = 0, x3 ≤ 0}, whose tangent vectors are T1
invariant, where T1 = ρ(g1) is the holonomy of TB0 with respect to E1.
An analogous thing happens with the other two edges. The union of all
three half planes gives R. The new perturbed edges, E′j, must be curves
inside the half planes Pj . More precisely, let τ be a function on ∆ which
is the restriction of a smooth function defined on an open neighborhood
of ∆, such that τ(0) = 0. If we let R be as in the previous example,
define
∆τ = {(τ(q), q) ∈ R×∆},
R+ = {(x1, q) ∈ R×∆ |x1 ≥ τ(q)},
R− = {(x1, q) ∈ R×∆ |x1 ≤ τ(q)}.
Now charts A = {Ui, φi}i=1,2 on B − ∆τ can be defined like in the
previous example, but with these new definitions of R+ and R−. It
is clear that (B,∆τ ,A ) defines an affine manifold with singularities.
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Two different choices of functions τ define non-isomorphic integral affine
manifolds with singularities, unless their graphs inside R can be mapped
one to the other via an integral affine map.
Example 3.12 (Negative vertex). Let B and ∆ be as in Exam-
ple 3.10. Then, R2 − ∆ has three connected components, which we
denote C1, C2 and C3. Let C¯j = Cj ∪ ∂Cj . Viewing R2 embedded in B
as {0} × R2, consider the following three open subsets of B0:
U1 = R
3 − (C¯2 ∪ C¯3),
U2 = R
3 − (C¯1 ∪ C¯3),
U3 = R
3 − (C¯1 ∪ C¯2).
Let
V + = {x1 > 0},
V − = {x1 < 0}.
Clearly Ui∩Uj = V +∪V − when i 6= j. If T1 and T2 are as in (7), define
the following coordinate charts on U1, U2, U3 respectively:
φ1 = Id,
φ2 =
{
(T−11 )
t on V¯ + ∩ U2,
Id on V¯ − ∩ U2,
φ3 =
{
Id on V¯ + ∩ U3,
(T−12 )
t on V¯ − ∩ U3.
We can check that the affine structure defined by these charts is such
that, for fixed b ∈ B0, there exists a basis of T ∗b B0 with respect to which
the holonomy representation is such that ρ∗(gj) = Tj, where gj are as in
Figure 3. In particular, the holonomy is given by the inverse transpose
matrices of the holonomy in the previous example.
Example 3.13 (A variation). Again, we can perturb the above ex-
ample by replacing the straight edges of ∆ with smooth curves start-
ing at the origin. This time these curves have to be contained inside
{0}×R2, which is the integral surface (containing ∆) of the distribution
spanned by the ρ-holonomy invariant vectors in TB0. The perturbed ∆,
which we could denote ∆τ , still separates R
2 in three connected compo-
nents C1, C2 and C3. Then the definition of the affine structure carries
through just like in the previous example and we denote it by Aτ .
We are now ready to give a definition of the specific affine structures
with singularities which we will consider.
Definition 3.14. A 2-dimensional integral affine manifold with sin-
gularities (B,∆,A ) is said to be simple if ∆ consists of a finite union
of isolated points and a neighborhood of each p ∈ ∆ is affine isomorphic
to a neighborhood of 0 ∈ R2 as in Example 3.7. We call p ∈ ∆ a node.
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A 3-dimensional integral affine manifold with singularities (B,∆,A ) is
simple if it satisfies:
(i) ∆ is a trivalent graph;
(ii) a neighborhood of each vertex of ∆ is affine isomorphic to a neigh-
borhood of 0 ∈ R3 in either Examples 3.10 or 3.11, in which case
we call it a positive vertex ; or to a neighborhood of 0 ∈ R3 in
either Examples 3.12 or 3.13, in which case we call it a negative
vertex ;
(iii) a neighborhood of each edge of the graph is affine isomorphic to
a neighborhood of ∆ in Example 3.8; or a neighborhood of ∆τ in
Example 3.9 for a suitable τ .
The following is a direct consequence of the above definition and
Theorem 2.11:
Corollary 3.15. Let (B,∆,A ) be a simple affine manifold with sin-
gularities and let (B0,A ) be the underlying integral affine manifold.
Then
f0 : X(B0,A )→ B0
is a T n bundle with semi-stable monodromy as in Theorem 2.11. In
particular, there is an 2n-manifold X and a topological semi-stable com-
pactification X(B0,A ) ↪→ X.
3.3. Examples. Here we give some examples of affine manifolds with
singularities and then we prove the 2-dimensional version of the main
theorem of this article.
Example 3.16. In R3 consider the 3-dimensional simplex Ξ spanned
by the points P0 = (−1,−1,−1), P1 = (3,−1,−1), P2 = (−1, 3,−1),
P3 = (−1,−1, 3). Let B = ∂Ξ. We explain how to construct a simple
affine structure with singularities on B. Each edge `j of Ξ has 5 integral
points (i.e., belonging to Zn), which divide `j into 4 segments. For each
j = 1, . . . , 6 denote by ∆jk, k = 1, . . . , 4 the four barycenters of these
four segments. We let
∆ = {∆jk; j = 1 . . . 6 and k = 1, . . . , 4}.
A covering of B0 = B−∆ can be defined as follows. The first four open
sets consist of the four open faces Σi, i = 1 . . . , 4 with the affine coor-
dinate maps φi induced by their affine embeddings in R
3. Denote by I
the set of integral points of B which lie on an edge. For every Q ∈ I we
can choose a small open set UQ in B0 such that {Σi}i=1,...,4 ∪ {UQ}Q∈I
is a covering of B0. Let RQ denote the 1-dimensional subspace of R
3
generated by Q ∈ I. One can verify that if UQ is small enough, the pro-
jection φQ : UQ → R3/RQ is a homeomorphism. A computation shows
that the atlas A = {Σi, φi}i=1,...,4 ∪ {UQ, φQ}Q∈I defines an integral
affine structure on B0 making (B,∆,A ) simple.
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Example 3.17. This three dimensional example is taken from [11,
§19.]. Let Ξ be the 4-simplex in R3 spanned by
P0 = (−1,−1,−1,−1), P1 = (4,−1,−1,−1), P2 = (−1, 4,−1,−1),
P3 = (−1,−1, 4,−1), P4 = (−1,−1,−1, 4).
Let B = ∂Ξ. Denote by Σj the open 3-face of B opposite to the point
Pj and by Fij the closed 2-face separating Σi and Σj. Each Fij contains
21 integral points (including those on its boundary). These form the
vertices of a triangulation of Fij as in Figure 7. By joining the barycenter
of each triangle with the barycenters of its sides we form a trivalent
graph as in Figure 7. Define the set ∆ to be the union of all such
graphs in each 2-face. Denote by I the set of integral points of B. Just
as in the previous example, we can form a covering of B0 = B −∆ by
taking the open 3-faces Σj and small open neighborhoods UQ inside B0
of Q ∈ I. A coordinate chart φi on Σi can be obtained from its affine
embedding in R4. If we denote again by RQ the linear space spanned
by Q ∈ I, as a chart on UQ we take the projection φQ : UQ → R4/RQ.
A computation shows that this affine structure is simple. In fact, the
vertices of ∆ which are contained in the interior of each 2-face are of
negative type and those which are contained in the 1-faces are of positive
type.
−
+
Figure 7. Affine S3 with singularities.
Example 3.18 (A variation). In the previous example, all edges
of ∆ were straight lines, but one can perturb them in the sense of
Examples 3.9, 3.11 and 3.13. In fact we can form a new ∆ by keeping
the vertices fixed and connecting them through smooth curves, which
are small perturbations of the straight edges of the previous example.
If these curves stay inside the 2-faces of B, then the affine structure on
B −∆ can be defined just like above.
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Given an affine manifold with singularities B, sometimes one can
specify some additional data, such as a polyhedral decomposition and
a convex multivalued piecewise linear function on B, which allow one
to define a second affine manifold with singularities (Bˇ, ∆ˇ, Aˇ ) via a
discrete Legendre transform (cf. Gross and Siebert [13, 14]). This can
be done for instance in Examples 3.16 and 3.17. Here we shall not
give details about how this process works. It is important to mention
that the second integral affine manifold with singularities, (Bˇ, ∆ˇ, Aˇ )
coincides topologically with (B,∆,A ) but the holonomy representation
ρˇ is dual to ρ. In dimension 3 this means, in particular, that the positive
vertices of ∆ become negative vertices of ∆ˇ and vice-versa.
These examples of singular affine manifolds are very important. The
bundles associated to them satisfy the hypothesis of Theorem 2.11 so
they can be used to produce topological semi-stable compactifications
which are homeomorphic to well known examples of Calabi-Yau mani-
folds:
Theorem 3.19 (Gross [8]). Let (B,∆,A ) be the integral affine man-
ifold with singularities described in Example 3.17 and let
(B,∆,A )→ (B, ∆ˇ, Aˇ )
be its Legendre transform. Let X(B0,A ) ↪→ X and X(B0, Aˇ ) ↪→ Xˇ be
the corresponding topological semi-stable compactifications. Then X is
homeomorphic to the quintic hypersurface and Xˇ is homeomorphic to
its mirror.
Later in this article we show that there are symplectic semi-stable
compactifications recovering the quintic and its mirror. These com-
pactifications rely deeply on the existence of suitable local models of
Lagrangian fibrations with singular fibres.
3.4. The focus-focus fibration. In dimension 2 it is much easier to
produce symplectic semi-stable compactifications. We will show how
Example 3.16 gives rise to a symplectic semi-stable compactification
diffeomorphic to a K3 surface. This will require a local model of La-
grangian T 2 fibration with a semi-stable singular fibre, such as the one
in the following:
Example 3.20. Let X = C2 − {z1z2 + 1 = 0} and let ω be the
restriction to X of the standard symplectic form on C2. One can easily
check that the following map f : X → R2 is a Lagrangian fibration:
(8) f(z1, z2) =
( |z1|2 − |z2|2
2
, log |z1z2 + 1|
)
.
The only singular fibre is f−1(0), which has the topology of a I1 fibre.
It follows that this fibration is conjugate to the topological fibration in
Example 2.6.
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Lagrangian fibrations with semi-stable singular fibres, e.g., conjugate
to the fibration in Example 2.6, are called focus-focus fibrations. They
have been studied extensively in Hamiltonian Mechanics [5], [36], [1]
–where they got their name– and more recently in symplectic topology
[25], [35] and Mirror Symmetry [15].
Let arg : C∗ → R be the multi-valued function ρeiθ 7→ θ. Denote by
D ⊆ C the unit open disk and letD∗ = D−{0}. Let F = (X,ω, f,D) be
a focus-focus fibration. It has been shown [35] that there are coordinates
b = (b1, b2) on R
2, with values in D, a smooth function q : D → R such
that q(0) = 0 and a choice of generators of H1(f
−1(b),Z) with respect
to which the periods λ1 and λ2 of F can be written as
λ1 = − log |b| db1 + arg b db2 + dq
λ2 = 2pi db2.
Clearly λ1 is multi-valued and blows up as b→ 0. The lattice
Λ = spanZ〈λ1, λ2〉
has monodromy given by T as in (6). We now describe the affine struc-
ture induced on D∗. Consider the two open subsets
U1 = D − {Im b = 0 andRe b ≥ 0},
U2 = D − {Im b = 0 andRe b ≤ 0}.
On U1 we chose the branch of arg with values in (0, 2pi) and we denote
it by arg1. On U2 we chose the branch with values in (−pi, pi) which
we denote by arg2. Clearly on U1 ∩ U2 we have arg1 = arg2+2pi. A
computation shows that the maps ψj : Uj → R2 given by
ψj(b) = (−b1 log |b|+ b1 + q(b) + b2 argj b, 2pib2),
with q(0) = 0, are a choice of affine coordinates associated to λ1 and
λ2.
It is easy to check that the map ψ1 (or ψ2) extends continuously
to D. Call α : D → R2 the extended map. On a sufficiently small
neighborhood V ⊆ D of 0, the map α is a homeomorphism of V onto
α(V ). To check this it is sufficient to notice that for every fixed b2,
the first component of ψ1 is injective as a function of b1 (in fact its
derivative with respect to b1 is strictly positive since it blows up as
− log |b| near zero). The reader may verify that 0 ∈ V is a node with
respect to the affine structure given by {Uj , ψj}. In other words, the
map α restricted to V ∗ = V −{0} is an affine isomorphism between V ∗
and the affine manifold α(V ∗) whose affine structure is the restriction
of the one in Example 3.7. The affine structure with singularities on D
induced by a focus-focus fibration is therefore simple. In particular, the
affine structure induced by Example 3.20 is simple.
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Remark 3.21. Germs of focus-focus fibrations –with respect to sym-
plectic conjugation– are classified by formal power series in two variables
R[[x, y]] with vanishing constant term [35]. Such series correspond to the
Taylor coefficients of functions q ∈ C∞(D) as above evaluated at 0 ∈ R2.
This means that there is an infinite number of different germs of focus-
focus fibrations, all inducing simple affine manifolds with singularities,
i.e., inducing the same singular affine structure on the base. In §4 we
will see that a similar phenomenon happens in higher dimensions.
3.5. The K3 surface.
Theorem 3.22. Let (B,∆,A ) be a (compact ) 2-dimensional, sim-
ple affine manifold with singularities and let X(B0,A ) be the associated
T 2 bundle with symplectic structure ω0 and projection f0 induced by
the standard ones in T ∗B0 . There exists a (compact ) symplectic man-
ifold (X,ω), a Lagrangian fibration f : X → B and an embedding
ι : X(B0,A ) → X such that ι∗ω = ω0 and f ◦ ι = f0. For every
P ∈ ∆, f is a focus-focus fibration in a neighbourhood of f−1(P ).
Proof. Let fV : XV → V be a focus-focus fibration over a small open
neighborhood V of its node 0 ∈ V . Let V ∗ = V − {0} and denote by
(V ∗,AV ) the integral affine manifold induced by fV . Let X(V ∗,AV ) be
the associated Lagrangian T 2 bundle over V ∗. It can be shown that fV
has a Lagrangian section s : V → XV such that s(V ) ∩ Crit(fV ) = ∅.
Then from Theorem 3.3 it follows that f−1V (V
∗) ⊂ XV is symplectically
conjugate to X(V ∗,AV ).
Now let P ∈ ∆ and let U ⊂ B be a small neighborhood of P . Denote
by U∗ = U − P and by X(U∗,A ) the Lagrangian T 2 bundle over U∗
given by the restriction of X(B0,A ) to U
∗. Recall that both U and
V are simple affine manifold with singularities. Then, after taking U
and V small enough, there exists an integral affine isomorphism V ∗ ∼=
U∗. From Corollary 3.4, the latter isomorphism induces is a symplectic
conjugation,
f−1V (V
∗) ∼= X(V ∗,AV ) ∼= X(U∗,A ),
which can be used to symplectically glue XV to X(B0). Define (X,ω)
to be the symplectic manifold obtained after applying this gluing over
all points P ∈ ∆ and f : X → B the resulting fibration. It is clear that
(X,ω) is a semi-stable compactification of (X(B0,A ), ω0) such that
ι∗ω = ω0. q.e.d.
Remark 3.23. If the case (B,∆,A ) is as in Example 3.16, then it
is easy to check that (X,ω, f,B) is topologically conjugate to a simply
connected elliptic fibration with 24 singular fibres of type I1. It follows
that X is diffeomorphic to a K3 surface.
Corollary 3.24. In view of Remark 3.21, given (B,∆,A ) as in Ex-
ample 3.16, a compactification X(B0,A ) ↪→ (X,ω) as above is uniquely
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determined up to symplectic conjugation by a choice of 24 formal power
series in two variables:
q1, . . . , q24 ∈ R[[x, y]]
corresponding to germs of focus-focus fibrations F1, . . .F24. In particu-
lar, there are infinitely many Lagrangian fibrations of a symplectic K3
surface, fibering over (B,∆,A ), which are all topologically conjugate
but not symplectically conjugate.
The space R[[x, y]] being contractible, implies that every two focus-
focus fibrations can be connected with a path in R[[x, y]]. The standard
Moser’s argument implies that the corresponding total spaces are sym-
plectomorphic. Similarly, any two symplectic structures on a K3 surface
obtained using Theorem 3.22 can be connected with a path in R[[x, y]]24.
Moser’s argument implies that all such manifolds are symplectomorphic.
Following an alternative approach, Zung obtained a Lagrangian fi-
bration of a symplectic 4-manifold which is also diffeomorphic to a K3
surface (cf. [37, Example 4.19]). Leung and Symington [25] use affine
geometry as starting point to construct and classify —up to diffeomor-
phism— the so-called almost toric symplectic 4-manifolds. The fibration
we obtained in Theorem 3.22 coincides with one of the list in [25].
Other ways of constructing affine manifolds with singularities have
been proposed by Gross and Siebert [13, 14], Hasse and Zharkov [17,
18, 19]. In [9], Gross finds a combinatorial method to obtain simple
affine manifolds with singularities out of the geometry of the polytopes
which Batyrev and Borisov use to construct pairs of Calabi-Yau varieties
as complete intersections inside Fano toric varieties. From Theorem
0.1 of [9] (proved by Gross and Siebert in [12]) it follows that these
affine manifolds give rise to topological semi-stable compactifications
homeomorphic to the two Batyrev-Borisov’s Calabi-Yau varieties. We
shall see in this paper that similar compactifications can be carried out
in the symplectic category.
4. Positive and generic-singular fibrations.
We describe some of the local models needed to produce symplec-
tic compactifications. These models may be regarded as 3-dimensional
analogues to focus-focus fibrations. The arguments given here can be
generalized to dimension n > 3. All fibrations in this Section are given
by smooth maps.
Definition 4.1. Let F = (X,ω, f,B) be a Lagrangian fibration.
(i) A Lagrangian generic-singular fibration is a smooth Lagrangian
fibration F , with non-degenerate singularities (in the sense of [28])
which is conjugate to a topological T 3 fibration of generic type (cf.
Example 2.7).
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(ii) A Lagrangian positive fibration is a Lagrangian fibration F which
is conjugate to a topological T 3 fibration of positive type (cf. Ex-
ample 2.10).
The non-degeneracy condition implies that the singularity is of rank-1
focus-focus type, such singularities are normalized [28].
4.1. Examples.We start giving examples of non-proper Lagrangian
fibrations describing the singular behavior of (i) and (ii) near Crit(f).
Let Dk ⊆ Rk be the standard open ball.
Example 4.2. Consider R4 with standard coordinates (x1, x2, y1, y2)
and let D4 ⊆ R4. Let D1 × S1 have coordinates (r, θ). Define V =
D4×D1×S1 with the standard symplectic structure and F (xi, yi, r, θ) =
(b1, b2, b3) where
(9) b1 = x1y1 + x2y2, b2 = x1y2 − x2y1, b3 = r.
Notice that if we set z1 = x1 +
√−1x2 and z2 = y1 +
√−1y2, then
b1 +
√−1b2 = z¯1z2. The reader may verify that µ = (b2, b3) is the
moment map of a Hamiltonian action of T 2 and that F is a T 2 in-
variant Lagrangian fibration of V over D2 × D1. The singular fibres
are homeomorphic to R × S1 × S1 after {p} × S1 × S1 is collapsed to
{p} × S1.
Example 4.3. Consider C3 with canonical coordinates z1, z2, z3. De-
fine the map F (z) = (b1, b2, b3), where
(10) b1 = Im z1z2z3, b2 = |z1|2 − |z2|2, b3 = |z1|2 − |z3|2.
Here µ(z1, z2, z3) = (b2, b3) is the moment map of a T
2-action; fur-
thermore, the above functions Poisson commute, so the fibres of F are
Lagrangian. The critical locus of F is Crit(F ) =
⋃
ij{zi = zj = 0} and
its discriminant locus is ∆ = {b1 = 0, b2 = b3 ≥ 0} ∪ {b1 = b2 = 0, b3 ≤
0} ∪ {b1 = b3 = 0, b2 ≤ 0}, i.e., a cone over three points with vertex at
0 ∈ R3. The regular fibres are homeomorphic to R × T 2. The singular
fibre over 0 ∈ ∆ is homeomorphic to R× T 2 after {p} × T 2 is collapsed
to p ∈ R. All the other singular fibres are homeomorphic to R × T 2
after a two cycle {p} × T 2 ⊂ R× T 2 is collapsed to a circle. This is one
of the examples of special Lagrangian fibrations by Harvey and Lawson
[20].
Now we give explicit examples of Lagrangian positive and generic-
singular fibrations.
Example 4.4. Let X = C3 − {1 + z1z2z3 = 0} with canonical coor-
dinates z1, z2, z3 and the standard symplectic structure. Consider the
T 2-action on X given by (z1, z2, z3) 7→ (eiθ1z1, eiθ2z2, e−i(θ1+θ2)z3). We
obtain f : X → R3 given by f = (f1, f2, f3) where
f1 = log |1 + z1z2z3|, f2 = |z1|2 − |z2|2, f3 = |z1|2 − |z3|2.
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It is straightforward to check that the above functions Poisson com-
mute; hence the fibres of f are Lagrangian. It follows that f is modeled
on Example 4.3 near Crit(f). In particular, the discriminant locus is
a cone over three points which coincides with the one in Example 4.3.
This example has the topology of a positive fibration.
Example 4.5. Let X ′ = C2 − {z1z2 − 1 = 0} and let X = X ′ × C∗
with the standard symplectic structure. Define f : X → R3 by f =
(f1, f2, f3) where
f1 =
|z1|2−|z2|2
2 , f2 = log |z3|, f3 = log |z1z2 − 1|.
Again, these functions Poisson commute, hence f is Lagrangian. The
singular fibres of f are lying over ∆ = {(0, r, 0) | r ∈ R}. The reader
may verify that the above gives a generic-singular fibration.
The reader should be aware that the above are just examples of La-
grangian positive and generic-singular fibrations. In fact, there are in-
finitely many germs of such fibrations [2].
4.2. The affine structures. Now we describe the integral affine struc-
tures induced by the above models by giving their period lattices ex-
plicitly. For the details we refer the reader to [2]. Fibrations with
generic-singular fibres can be normalized near Crit(f) according to the
following:
Theorem 4.6. Let F = (X,ω, f,B) be a generic-singular fibration.
Assume that Σ = Crit(f) is non-degenerate. Then there is a T 2 invari-
ant neighborhood U ⊆ X of Σ and a commutative diagram
(11)
U
Ψ−−−−→ D4 ×D1 × S1
f |U
y yF
B
ψ−−−−→ D2 ×D1
where coordinates (x, y) on D4 and (r, θ) on D1 × S1 define standard
symplectic coordinates, the map Ψ is a symplectomorphism, ψ is a dif-
feomorphism sending ∆ to {0}×D1 and F is given by (9). Furthermore
Ψ can be taken to be T n−1 equivariant.
The above is a corollary of a result due to Miranda and Zung [28];
we refer the reader to [2, §3] for the details.
Remark 4.7. For convenience we shall assume that B = f(U) where
U is as in Theorem 4.6. We can think of the above normalization as
providing U with canonical coordinates and B ∼= D2 × D1 with coor-
dinates b1, b2, b3 such that the Hamiltonian vector fields of bi ◦ f |U are
linear. This linearization will be used to compute the action coordinates
explicitly. This is crucial to understand the singularities of the affine
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Proposition 4.8. Let F = (X,ω, f,B) be any generic-singular fi-
bration and Fb¯ = f
−1(b¯) a smooth fibre. There is a basis of H1(Fb¯,Z)
whose corresponding basis λ1, λ2, λ3 of the period lattice Λ of F , in the
coordinates b = (b1, b2, b3) on B ∼= D2 ×D1 given by Theorem 4.6, can
be written as
(12) λ1 = λ0 + dH, λ2 = 2pidb2, λ3 = db3,
where H ∈ C∞(B) is such that H(0) = 0 and λ0 = − log |b1 + ib2|db1 +
Arg(b1 + ib2)db2. The monodromy of Λ is given by
(13)

 1 0 01 1 0
0 0 1

 .
Proof. The proof is the same as in [Proposition 3.10][2]. Let s =
b1 +
√−1b2 and r = b3. Roughly speaking, one considers the maps
given by σ1(s, r) = (s¯/, , r, θ0) and σ2(s, r) = (, s/, r, θ0) for small
 > 0 and θ0 ∈ S1 fixed; these define sections of f |U = F disjoint
from Crit(F ), where F is as in (9). The Hamiltonian vector fields ηi
of Fi extend to X \ U . One can define a basis γ of H1(Fb¯,Z) in terms
of suitable composition of the integral curves of ηi. The period λ1 is
obtained by integrating along the path γ1 starting at σ1(s, r), passing
through σ2(s, r) and going back to σ1(s, r). The contribution of γ1 ∩ U
to the period λ1 is λ0, whereas the contribution of γ1 ∩ X \ U is dH.
The remaining periods can be computed integrating along classes in
H1(Fb¯,Z) represented by integral curves of η2 and η3, respectively.
q.e.d.
As in the 2-dimensional focus-focus fibration, one can choose suitable
branches of λ0 and define action coordinates on these branches. One
can easily verify that this defines a simple singular affine structure on
B. We have:
Corollary 4.9. A generic-singular fibration F = (X,ω, f,B) induces
a simple affine structure with singularities on B.
Proof. Consider the coordinates (b1, b2, b3) on B = D
2 ×D1 and the
period lattice as in Proposition 4.8. With respect to these coordinates
∆ = {b1 = b2 = 0}. Define open subsets of B0 = B −∆:
V1 = B − {(b1, 0, b3) | b1 ≥ 0},
V2 = B − {(b1, 0, b3) | b1 ≤ 0}.
On Vj the action coordinates have the form
Aj(b1, b2, b3) = (ψj(b1, b2) +H(b1, b2, b3), 2pib2, b3),
where ψj is a choice of primitive of λ0. Then A = {Uj , Aj} gives the
integral affine structure on B0. As in the focus-focus case, for either j =
1, 2, the map Aj extends to a homeomorphism, A : B → A(B) ⊆ R2×R
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such that A(0) = 0. It is easy to show that, if τ(t) = H(0, 0, t), then A
is an isomorphism between (B,∆,A ) and a neighborhood of ∆τ in the
affine manifold with singularities of Example 3.9. q.e.d.
The case of Lagrangian fibrations of positive type is analogous. Pos-
itive fibrations are locally modeled on the fibration in Example 4.3 in a
neighborhood of its critical locus. One can use this local description to
compute the periods. We have (cf. [2, Theorem 4.19]):
Proposition 4.10. Let F = (X,ω, f,B) be a Lagrangian fibration
of positive type and Fb¯ = f
−1(b¯) a smooth fibre. Then there is a basis
of H1(Fb¯,Z) and local coordinates (b1, b2, b3) on B around b¯, such that
the corresponding period 1-forms are:
λ1 = λ0 + dH, λ2 = 2pidb2, λ3 = 2pidb3(14)
where H is a smooth function on B such that H(0) = 0 and λ0 is
multi-valued 1-form blowing up at ∆ ⊂ B, where ∆ is given by:
{b1 = 0, b2 = b3 ≥ 0} ∪ {b1 = b2 = 0, b3 ≤ 0} ∪ {b1 = b3 = 0, b2 ≤ 0}.
In the basis λ1, λ2, λ3 of Λ and for suitable generators of pi1(B − ∆)
satisfying g1g2g3 = I (cf. Figure 3), the monodromy representation of
F is generated by the matrices:
T1 =

 1 0 0−1 1 0
0 0 1

, T2 =

1 0 00 1 0
1 0 1

, T3 =

 1 0 01 1 0
−1 0 1

.
We now prove that the affine structure on the base of a positive
fibration is simple.
Proposition 4.11. A Lagrangian fibration F = (X,ω, f,B) of pos-
itive type induces on B the structure of a simple affine manifold with
singularities with positive vertex.
Proof. Let (b1, b2, b3) be the coordinates on B and ∆ ⊆ B as in
Proposition 4.10. To avoid cumbersome notation let us assume B =
R × R2. We may identify R2 with {0} × R2. Then ∆ ⊂ R2. Let
λ1, λ2, λ3 be the periods of F as in (14). We want to show that the
affine structure on B −∆ induced by F is isomorphic to the one given
in Examples 3.10 or 3.11. To do this we will consider the locally defined
map A = (A1, A2, A3), where each Aj is a suitable branch of a primitive
of λj such that Aj(0) = 0. First we will show that –perhaps after
replacing B by a smaller neighborhood of 0– the map A extends to a
homeomorphism A : B → A(B) ⊆ R3. Let
R = R×∆
R+ = R≥0 ×∆
R− = R≤0 ×∆
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and take the open cover {U1, U2} of B −∆ where
U1 = B −R+,(15)
U2 = B −R−.
On U1 we can choose an affine coordinates map given by
A(b1, b2, b3) = (ψ1(b1, b2, b3), 2pib2, 2pib3),
where ψ1 is a primitive of λ1. Clearly A(R
−) ⊂ R. We now show
that A extends continuously to B. The key observation is that the
symplectic form ω is exact in a neighborhood of the singular fibre over
the vertex of ∆. This is straightforward in the case of Example 4.4,
where ω is the standard symplectic form on C3, but it is also true in
general. So assume ω = dη for some 1-form η. Now let us fix a basis
e = (e1, e2, e3) of H1(f
−1(U1),Z), corresponding to the periods λ1, λ2
and λ3 respectively. Recall that action coordinates can be computed by
A(b) =
(
−
∫
e1(b)
η, −
∫
e2(b)
η, −
∫
e3(b)
η
)
,
where ej(b) is a 1-cycle, contained in f
−1(b), representing ej . We prove
first that A, as a map, extends continuously to B −∆. Notice that e2
and e3 are monodromy invariant, so we may assume that e2(b) and e3(b)
are well defined for all b ∈ B −∆ and that
(16) −
∫
ej(b)
η = 2pibj ,
for j = 2, 3. In particular, A2 and A3 are defined on B. Let us study
ψ1(b) = −
∫
e1(b)
η.
Suppose that ψ1(b¯) = 0 for a fixed point b¯ ∈ U1. Given another point
b ∈ U1 let Γ : [0, 1] → U1 be a path such that Γ(0) = b¯ and Γ(1) = b.
Consider the cylinder S inside f−1(U1) spanned by the cycles e1(Γ(t)).
Then one can see that
(17) ψ1(b) =
∫
S
ω.
We may use (17) to define ψ1(b) for b ∈ R+ − ∆. Since B − ∆ is not
simply connected, this expression of ψ1 is well defined provided that it
is independent of the chosen path Γ. Suppose that Γ1 and Γ2 are two
different paths from b¯ to b such that Γ1−Γ2 is not homotopically trivial
in B−∆; then we have to show that if S1 and S2 are the corresponding
cylinders, then ∫
S1−S2
ω = 0.
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Denote by e+1 (b) and e
−
1 (b) those boundary components of S1 and S2
respectively, which lie on top of b (the endpoint of both Γ1 and Γ2).
Then
∂(S1 − S2) = e+1 (b)− e−1 (b),
and ∫
S1−S2
ω =
∫
e+1 (b)−e−1 (b)
η.
Because of monodromy, e+1 (b) and e
−
1 (b) may not coincide and it is not
obvious that the above integral vanishes. Nevertheless, we know that
b ∈ R+ and there are three cases: if b = (b1, b2, b3) then either b2 = 0,
b3 = 0 or b2 = b3. Let us look at the latter case. With respect to the
basis e = (e1, e2, e3) as above, the monodromy matrices T1, T2 and T3
corresponding respectively to generators g1, g2 and g3 of pi1(B −∆) as
depicted in Figure 3 are those given in Proposition 4.10.
Γ1
Γ2
b¯
b
Figure 8. The cut pair of pants are wrapping around
∆ and give a schematic picture for U1 = B − R+, the
cut represents R+. Here b ∈ R+ and Γ1 and Γ2 are two
possible paths from b¯ to b.
Let b¯, b, Γ1 and Γ2 be given as in Figure 8; then one can see that
Γ1 − Γ2 = g−11 g−12 . This implies that
e+1 (b) = e
−
1 (b)− e2(b) + e3(b)
and therefore that∫
e+1 (b)−e−1 (b)
η =
∫
−e2(b)+e3(b)
η = 2pi(b2 − b3) = 0,
where in the second equality we have used (16). Similarly one treats the
cases b2 = 0 or b3 = 0 using monodromy matrices T1 and T2 respectively.
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This shows that ψ1 extends continuously to B−∆. It can be easily seen
that it also extends continuously to points in ∆. In fact, one can use
(17) as a definition of ψ1(b) when b ∈ ∆. This makes sense since the
cycles e1(b) spanning S can be extended as cycles on singular fibres
when b ∈ ∆, e.g., when b = 0, e1(0) is a homologically non trivial closed
curve passing through the singularity of f−1(0); in particular e1(0) is
the generator of H1(f
−1(0),Z) = Z.
We argue that A is injective onto its image, at least when restricted
to a smaller neighborhood of b = 0. This would imply that A is a
homeomorphism. Clearly, A is injective if and only if for fixed values
of b2 and b3, the function ψ1( · , b2, b3) is injective in a neighborhood
of b = 0. Since dψ1 = λ1, this holds if the coefficient of db1 in λ1 is
never zero in a neighborhood of b = 0. In fact, it was shown in §4 of [2]
that this coefficient blows up to infinity as b→ 0, in particular it never
vanishes.
One can easily check that A defines an isomorphism between the affine
structure with singularities induced on B by the fibration F and the
one described in Example 3.11, where τ : ∆→ R is given by τ = ψ1|∆.
We only need to verify that τ is smooth. In fact, it turns out that
τ = H|∆ where H is the smooth function in (14); this follows from the
computation of λ0 given in [2, §4]. Consider the fibration F : C3 → R3
of Example 4.3. This is the local model for the singularity of a positive
fibration. Consider two sections σ− and σ+ of F , disjoint from Crit(F )
and such that for every b ∈ ∆, σ−(b) and σ+(b) lie on distinct connected
components of the smooth part of the fibre over b. For every b ∈ R3
consider a curve γ(b) contained F−1(b) joining σ−(b) to σ+(b) and define
the function
a0(b) = −
∫
γ(b)
η.
Then λ0 = da0. Clearly a0 can be continuously defined on R
3. Using the
fact that F satisfies F (−z1, z2, z3) = (−b1, b2, b3), where F (z1, z2, z3) =
(b1, b2, b3), one can show that a0 satisfies a0(−b1, b2, b3) = −a0(b1, b2, b3)
and therefore that a0|∆ = 0. This proves that τ = H|∆. q.e.d.
4.3. Gluing over the discriminant locus. Given a simple affine
manifold with singularities, we show how to symplectically glue sin-
gular fibres of positive or generic type to the associated T 3 bundle.
This gives us a (partial) symplectic compactification over positive and
generic points of the singular locus.
Consider a cylinder D2×I inside R2×R, where I is an open interval,
and let ∆ = {0}×I. Let H be a smooth real-valued function on D2×I.
The germ of H along ∆, denoted H∆, is the Taylor expansion series
of H along ∆. This is a formal power series in two variables whose
coefficients are smooth functions on I.
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Remark 4.12. Let h =
∑
hijx
i
1x
j
2 be a formal power series in two
variables whose coefficients are smooth functions hij = hij(r) on I. For
any given power series h there is a function H on D2 × I whose germ
along ∆ is h. An analogous statement in the case of a formal power
series in one variable with real coefficients is standard (cf. [33, Exercise
13, p. 384]). It is an exercise to check that it is also true in two variables
with coefficients depending on a parameter.
Recall that the generators of the period lattice of a generic-singular
fibration may be written as λ1 = λ0 + dH, λ2 = 2pidb2 and λ3 = db3,
where (b1, b2, b3) are coordinates in D
2 × I, λ0 as (12) and H a smooth
function. One can prove the following (cf. [2]):
Theorem 4.13. For any smooth function H over B = D2× I, there
is a generic-singular fibration FH = (X,ω, f,B) whose period lattice
is generated by 1-forms as in (12). Furthermore, two generic-singular
fibrations FH and FH′ are symplectically conjugate in a neighborhood of
∆ if and only if H∆ = H
′
∆.
We call H∆ the invariant of the fibration FH . We proved in Corollary
4.9 that the affine base of a generic-singular fibration is always simple,
isomorphic to Example 3.9. Furthermore, the shape of its discriminant
locus (in affine coordinates), as well as the isomorphism class of its
singular affine base, is determined by the function τ(r) = H(0, 0, r)
which is the restriction of H to ∆; in other words, by the zero order
term of the germ H∆. In the special case when the zero order term of
H∆ vanishes, the base is affine isomorphic to the product of an affine
disc with a node times the standard affine interval; in this case we call
the associated fibration FH straight, in all other cases we call it twisted.
Lemma 4.14. Given any function τ ∈ C∞(∆) on an edge ∆ ⊂
D2× I with τ(0) = 0, there is a generic-singular fibration whose base is
locally affine isomorphic to the affine manifold with singularities (R2 ×
I,∆τ ,A ) of Example 3.9.
Proof. In view of Remark 4.12, we can certainly find a smooth func-
tion H on D2 × I such that H|∆ = τ . We can then form FH using
Theorem 4.13. q.e.d.
Analogously, positive fibrations are also classified by germsH∆, where
in this case ∆ ⊂ D3 is a trivalent vertex and H a smooth function on D3
as in Proposition 4.10; for the details we refer to [2]. Given a positive
fibration, Proposition 4.11 tells us that its base is locally isomorphic
to (R3,∆τ ,A ) as in Example 3.11. A particular case is when τ = 0
which gives a straight vertex. More generally we showed (cf. proof of
Proposition 4.11) that τ = H|∆. In particular, we have:
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Lemma 4.15. Given any function τ ∈ C∞(∆) on a trivalent ver-
tex ∆ ⊂ D3 ⊂ R3 with τ(0) = 0, there is a positive fibration whose
base is locally affine isomorphic to the affine manifold with singularities
(R3,∆τ ,A ) of Example 3.11.
We stress that the constructions described in Lemmas 4.14 and 4.15
only involve the zero order term of H∆, which is enough for determining
the affine structure. From [2] it follows that we have many possible
choices of H∆ giving the same affine structure:
Corollary 4.16. For any given prescribed affine manifold with sin-
gularities (B,∆τ ,A ) either as in Example 3.9 in the generic case or
as in Example 3.11 in the positive case, there are infinitely many non
symplectically conjugate germs of Lagrangian fibrations whose bases are
locally affine isomorphic to (B,∆τ ,A ).
Observe that the above result holds also in the case when τ ≡ 0, i.e.,
when the discriminant is completely straight. Exploiting the flexibility
given by Lemmas 4.14 and 4.15, we can show that we can always lo-
cally compactify a torus bundle given by simple affine manifolds with
singularities near a positive or generic point of the discriminant locus:
Proposition 4.17. Let (B,∆,A ) be a given simple affine 3-manifold
with singularities. Then we have the following:
(i) if J ⊆ ∆g is an edge of ∆, then there is a generic-singular fibration
F , with affine base (B′,∆′,A ′) and neighborhood U ⊆ B of J
such that there exists an integral affine isomorphism (B′,∆′,A ′) ∼=
(U, J,A ) inducing a symplectic conjugation X(B′0,A
′) ∼= X(U −
J,A );
(ii) if p ∈ ∆d is a positive vertex of ∆, then there is positive fibration
F with base (B′,∆′,A ′) and a neighborhood U ⊆ B of p such that
there exists an integral affine isomorphism (B′,∆′,A ′) ∼= (U,U ∩
∆,A ) inducing a symplectic conjugation X(B′0,A ′) ∼= X(U−(U∩
∆),A ).
Moreover, using the symplectic conjugations in (i) and (ii), we can sym-
plectically glue the germ of F into X(B0,A ).
Proof. It is just a matter of applying Lemmas 4.14 and 4.15 to find
suitable F . Since both positive and generic singular fibrations have a
Lagrangian section, the result follows from Corollary 3.4. q.e.d.
4.4. Gluing legs.While for the gluing in Proposition 4.17 it is suf-
ficient to consider the zero order term of H∆, to glue two singular
Lagrangian fibrations F and F ′ along their legs one should take into
account all terms. This is essentially due to the fact that gluing legs
also involves gluing them along their singular fibres. We will see that
Theorem 4.13 also takes care of this.
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Suppose we start with a given simple affine 3-manifold with singu-
larities (B,∆,A ) and two points p and p′ of ∆ connected by an edge
J (the points p and p′ may be generic, positive or negative). Let us as-
sume that we have glued to X(B0,A ) the germs of singular Lagrangian
fibrations F and F ′ fibering over disjoint neighborhoods V and V ′ of p
and p′ respectively (e.g., using Proposition 4.17, if p and p′ are positive
or generic). We do not consider only the case when p and p′ are either
positive of generic, since we want the arguments here to hold also for
negative points onto which we can glue fibrations like the ones in §7. We
only assume here that F and F ′ have legs with generic-singular fibres
on their ends and these ends are connected by J . We now explain how
to glue to X(B0,A ) a generic singular fibration along J in such a way
that this gluing is made compatible with the gluing of F and F ′.
We can assume that there are disjoint neighborhoods U and U ′ of
the ends of J , as in Figure 9, and generic-singular fibrations L = F|U
and L′ = F ′|U ′ over U and U ′. Let H∆ and H ′∆ be, respectively, the
invariants of L and L′ as in Theorem 4.13.
Since J is an edge of ∆, there is a neighborhoodW of J , withW∩∆ =
J , such that (W,J) is (locally) affine isomorphic to (D2 × I,∆τ ) as in
Example 3.9. Without loss of generality, we can assume I = (−1, 1)
and that there exists δ ∈ (0, 1) such that U ∼= D2 × (−1,−δ) and
U ′ ∼= D2 × (δ, 1). Denote I−δ = (−1,−δ) and Iδ = (δ, 1). Clearly,
we can interpret H∆ and H
′
∆ as formal power series along I−δ and Iδ
respectively. By the arguments of the previous section, we must have
that the zero order terms of H∆ and H
′
∆ coincide with τ |I−δ and τ |Iδ
respectively.
It is now clear that we can choose a formal power series H˜∆ along I
such that:
(a) the zero order term of H˜∆ is τ ;
(b) H˜∆ coincides with H∆ and H
′
∆ along I−δ and Iδ respectively.
This can be done using cut-off functions. For this purpose it may be
necessary to shrink I−δ and Iδ by taking a slightly bigger δ.
We can now apply Remark 4.12 and the first part of Theorem 4.13 to
find the germ of a generic-singular Lagrangian fibration L˜ fibering over
W whose invariant is H˜∆. The second part of Theorem 4.13 and condi-
tion (b) above imply that L˜|U ∼= L and L˜|U ′ ∼= L′, moreover condition
(a) implies that L˜ can be glued to X(B0,A ) along J . It is clear that
the symplectic conjugations L˜|U ∼= L and L˜|U ′ ∼= L′ coincide with the
map gluing L˜ to X(B0,A ).
We have proved:
Proposition 4.18. Let (B,∆,A ) be a simple affine 3-manifold with
singularities and let p, p′ ∈ ∆ be points connected by an edge J . Suppose
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D2 ×D1
∗ ∗
−δ δ
U ′U
Figure 9. The gluing of two legs along their ends. The
asterisk represents components of the discriminant of F
and F ′, which can be of either positive or negative type
(or void).
there are disjoint neighborhoods V and V ′ of p and p′ respectively and a
neighborhood W of J , withW∩∆ = J , such that the following conditions
hold
(i) if B˜ = B0 ∪ (V ∪ V ′), there exists a Lagrangian fibration F =
(X,ω, f, B˜) and a commuting diagram
X(B0,A )
Ψ−−−−→ X
f0
y yf
B0
ι−−−−→ B˜
where Ψ is a symplectomorphism and ι the inclusion.
(ii) F|W∩V and F|W∩V ′ are generic-singular fibrations.
Then, if we let B˜′ = B˜ ∪W , there exists a Lagrangian fibration F ′ =
(X ′, ω′, f ′, B˜′) and a commuting diagram
X(B0,A )
Ψ′−−−−→ X ′
f0
y yf ′
B0
ι−−−−→ B˜′
where Ψ′ is also a symplectomorphism.
The upshot of the results of this Section is that: 1) we can construct
local models of generic and positive singular fibres; 2) we know how
to glue them onto any given simple affine manifold with generic and
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positive singularities; 3) these gluings can be made compatible over
common intersections. In fact, we can show:
Theorem 4.19. Let (B,∆,A ) be a compact simple integral affine
3-manifold with singularities without negative vertices. Then there is
a compact smooth symplectic 6-manifold (X,ω) and a C∞ Lagrangian
fibration f : X → B with discriminant locus ∆, which is a semi-stable
compactification of the T 3 bundle X(B0,A )→ B0.
The proof is an application of the above preparation results. Using
Proposition 4.17 we can first glue in the positive vertices, then using
Proposition 4.18 we glue in the generic-singular fibres over the edges.
Theorem 4.19 is a particular case of our more general result we shall
prove in §8, where we also include negative fibrations. We emphasize
that the fibration obtained in Theorem 4.19 is smooth. This will not
happen if ∆ includes negative vertices. In that case, the resulting fibra-
tion will be piecewise smooth only.
As a further remark we point out that Theorem 4.19 can be gener-
alized to dimension n ≥ 3, since there are natural generalizations of
generic and positive singularities and the analysis of their affine struc-
tures carries through as in the n = 3 case. Our notion of simplicity can
also be generalized to higher dimensions, though for n > 3 it may no
longer coincide with the notion of simplicity in the sense of Gross and
Siebert [14].
5. Piecewise smooth fibrations
It is now commonly accepted that to produce Lagrangian fibrations
of the type described in §2 one should also allow piecewise smooth fi-
brations (cf. [7], [22], [31]). Here we present a simple way to produce
local models of piecewise smooth Lagrangian fibrations. We suspect
that models of the sort presented here are also implicit in Ruan’s fibra-
tions but we have been unable to verify this. Our method is inspired by
ideas of Gross [7], Goldstein [6] and Joyce [22].
5.1. Fibrations with torus symmetry. Let (X,ω) be a symplectic
2n-manifold and let µ : (X,ω)→ t∗ be the moment map of a Hamilton-
ian T k-action. Let t ∈ µ(X) and let pit : µ−1(t)→ Xt be the projection
modulo the T k action. When t is a regular value of µ, Xt is a smooth
manifold and the symplectic form ω descends to a symplectic form ωt
on Xt. When t is a critical value of µ, Xt may be a singular space and
ωt will be only defined on the smooth part of Xt. The space (Xt, ωt) is
the Marsden-Weinstein reduced space at t.
Remark 5.1. We shall denote by
ωCm =
i
2
∑
k
dzk ∧ dzk
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the standard symplectic structure on Cm and ω0 will denote the reduced
symplectic form of the reduced space (Xt, ωt) at time t = 0.
Goldstein [6] and Gross [7] used reduced spaces to construct T k-inva-
riant (special) Lagrangian fibrations. The following is a particular case
of [7, Thm. 1.2]:
Proposition 5.2. Let T k act effectively on X, k ≤ n − 1. Suppose
that there is a continuous map G : X → M to an (n − k)-dimensional
manifold M such that G(T · x) = G(x) for all T ∈ T k. Suppose that for
t in a dense subset of µ(X) the induced maps Gt : Xt →M have fibres
that are Lagrangian with respect to ωt. Then f : X → µ(X) ×M given
by:
(18) f = (µ,G)
defines a T k-invariant Lagrangian fibration.
When the T k-action has fixed points, the construction of Proposition
5.2 will produce fibrations with interesting singular fibres. We will give
some explicit examples shortly.
Remark 5.3. In the extremal case when k = n−1, constructing La-
grangian fibrations using Proposition 5.2 is very easy. In this situation,
the reduced spaces Xt are two dimensional and every map Gt : Xt → R
with 1-dimensional level sets defines a Lagrangian fibration on Xt. In
particular, any T n−1-invariant continuous map G : X → R which, on
each Xt, descends to a map Gt with 1-dimensional level sets can be used
to construct Lagrangian fibrations. We will make much use of this fact
later on.
5.2. The reduced geometry. Consider the following S1 action on Cn,
with n ≥ 2:
(19) eiθ(z1, z2, z3, . . . , zn) = (e
iθz1, e
−iθz2, z3, . . . , zn).
This action is Hamiltonian with respect to ωCn . Clearly it is singular
along the 2(n− 2) dimensional symplectic submanifold Crit(µ) = {z1 =
z2 = 0}. The moment map is:
(20) µ(z1, . . . , zn) =
|z1|2 − |z2|2
2
.
The only critical value of µ is t = 0 and Crit(µ) ⊂ µ−1(0).
Now consider the map p¯i as in Remark 2.5. Recall that p¯i is given by
(21)
p¯i : Cn → R× Cn−1
(z1, . . . , zn) 7→ (µ, z1z2, z3, . . . , zn).
When restricted to Cn − Crit(µ), the above is an S1-bundle onto
(R×Cn−1)−p¯i(Crit(µ)) with Chern class c1 = 1. Let pit be the restriction
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to µ−1(t) of the map
(22) (z1, . . . , zn) 7→ (z1z2, z3, . . . , zn).
Then pit can be used to identify the reduced space µ
−1(t)/S1 with Cn−1.
Under this identification, i.e., letting the coordinates u1 = z1z2 and
uj = zj+1 when 2 ≤ j ≤ n − 1, the reduced symplectic form ωt can be
written as:
(23) ωt =
i
2

 1
2
√
t2 + |u1|2
du1 ∧ du1 +
n−1∑
j=2
duj ∧ duj

 .
Clearly, away from t = 0, the reduced spaces are smooth manifolds.
On the other hand, at t = 0 the reduced form ω0 blows up along the
hyperplane
Σ := pi0(Crit(µ)) = {u1 = 0},
so the reduced space (Cn−1, ω0) is singular. However, it was observed
by Guillemin and Sternberg in [16], that it can be smoothed out, i.e., it
can be identified with (Cn−1, ωCn−1). Indeed, the identification is given
by the following
(24) Γ0 : (u1, u2, . . . , un−1) 7→
(
u1√|u1| , u2, . . . , un−1
)
.
The map Γ0 is continuous, smooth away from u1 = 0 and such that
Γ∗0ωCn−1 = ω0. One can do more: one can identify all the reduced
spaces with (Cn−1, ωCn−1) at once. Consider the map
(25) Γt : (u1, u2, . . . , un−1) 7→

 u1√
|t|+√t2 + |u1|2 , u2, . . . , un−1

 .
One can verify that Γt is a symplectomorphism between (C
n−1, ωt) and
the standard symplectic space Cn−1. However, this identification has
the problem that, although continuous and smooth for fixed t ∈ R, it
is not smooth in t when t = 0. In fact one can show that it cannot be
otherwise.
5.3. A construction.We now illustrate a general method to construct
piecewise smooth Lagrangian fibrations using Proposition 5.2 and the
observations about the reduced geometry with respect to the S1 action
as in (19).
Let Log : (C∗)n−1 → Rn−1 be the map defined by
(26) Log(v1, . . . , vn−1) = (log |v1|, . . . , log |vn−1|).
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Clearly, the above map is a Lagrangian fibration with respect to the
restriction of ωCn−1 to (C
∗)n−1. Moreover, it defines a trivial T n−1-
bundle over Rn−1. Let the map
Φ : Cn−1 → Cn−1
be a smooth symplectomorphism of the standard Cn−1. Let Xt be the
open and dense subsets of (Cn−1, ωt) defined by
Xt = Γ
−1
t ◦ Φ−1
(
(C∗)n−1
)
.
Denote, with slight abuse of notation,
Σ := {u1 = 0} ∩X0.
Then examples of maps Gt : Xt → Rn−1 as in Proposition 5.2 can be
defined by
Gt = Log ◦Φ ◦ Γt.
This clearly makes sense also when t = 0. It is also clear that, for all
fixed t ∈ R, Gt is a Lagrangian fibration with respect to the reduced
symplectic form (23). We summarize this in the following:
Proposition 5.4. Let Φ, Xt and Gt be as defined above. Let Q be
the map given by
(27) Q(t, u1, . . . , un−1) = (t,Gt(u1, . . . , un−1)).
Then Q is defined on the dense open subset Y ⊆ R× Cn−1 defined by
Y = {(t, u1, . . . , un−1) ∈ R×Cn−1 | (u1, . . . , un−1) ∈ Xt}.
Letting p¯i be as in (21) and
X = (p¯i)−1(Y )
with the standard symplectic form induced from Cn, the map f : X → Rn
given by
f = Q ◦ p¯i
is a piecewise smooth Lagrangian fibration of X which fails to be smooth
on the (2n − 1)-dimensional subspace µ−1(0) ∩X.
It is clear that all the singular fibres of f must lie in µ−1(0) ∩ X.
In fact, the singular fibres are all the lifts of fibres of G0 in X0 which
intersect Σ. The topology of the singularity depends on the topology
of this intersection. The discriminant locus of the fibration is therefore
the set ∆ ⊂ Rn given by
∆ = {0} × (Log ◦Φ ◦ Γ0(Σ)) .
Given a point b = (0, b1, . . . , bn−1) ∈ ∆, the fibre f−1(b) looks like S1×
G−10 (b1, . . . , bn−1) after the circles over all points inG
−1
0 (b1, . . . , bn−1)∩Σ
have been collapsed to points (cf. Figure 6).
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5.4. Examples. In the following examples we use the above construc-
tion with n = 2 or 3. Define the piecewise smooth map γ : C2 → C
by
(28) γ(z1, z2) =


z1z2
|z1| , when µ(z1, z2) ≥ 0,
z1z2
|z2| , when µ(z1, z2) < 0,
0, when z1 = z2 = 0.
If pit is the restriction of the map (22) to µ
−1(t), then one can easily see
that for all (z1, z2, z3) ∈ µ−1(t), the map Γt ◦ pit is given by
Γt ◦ pit : (z1, z2, z3) 7→ (γ(z1z2), z3).
From Proposition 5.4, we see that Γt ◦ pit can be twisted by a sym-
plectomorphism Φ. The topology of the resulting fibration depends on
how we choose Φ.
Example 5.5 (The amoeba). Take as a symplectomorphism Φ the
linear map
(29) Φ(u1, u2) =
1√
2
(
u1 − u2, u1 + u2 −
√
2
)
.
Then the fibration resulting from Proposition 5.4 can be written explic-
itly in the coordinates of the total space. We obtain:
(30) f(z1, z2, z3) =
(
|z1|2 − |z2|2
2
, log
|γ − z3|√
2
, log
∣∣γ + z3 −√2∣∣√
2
)
,
where γ is as in (28). It is not difficult to see that Φ ◦Γ0 sends Σ to the
surface in (C∗)2 given by
Σ′ = {v1 + v2 + 1 = 0},
which is, topologically, a pair of pants. Then the discriminant locus is
∆ = {0} × Log(Σ′),
which has the shape in Figure 4. This example is topologically conjugate
to the one in Example 2.9, before the surface Σ′ has been twisted. For
the discussion of the topology of the fibres in this example we refer to
Example 2.9.
In dimension n = 2 we have the following:
Example 5.6 (Stitched focus-focus). Using Proposition 5.4 we can
obtain the following piecewise smooth fibration:
(31) f(z1, z2) =
( |z1|2 − |z2|2
2
, log |γ(z1, z2) + 1|
)
.
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It is clearly well defined on X = {(z1, z2) ∈ C2 | γ(z1, z2) + 1 6= 0}.
Observe that f is topologically conjugate to a focus-focus fibration,
hence to Example 2.6. The only singular fibre is f−1(0) and it is a
pinched torus. The fibration fails to be smooth on µ−1(0). This example
consists of the union of two smooth Lagrangian fibrations meeting along
the “stitch”, µ−1(0). We study this kind of piecewise smoothness in
detail in §6.
Notice that in this example we are in the extremal case of Proposi-
tion 5.2, i.e., the reduced spaces are 2-dimensional and Remark 5.3 ap-
plies. In particular, the second component of f in (31) could be replaced
by any T 2 invariant function G, i.e., depending on t = 12
(|z1|2 − |z2|2)
and u1 = z1z2, subject to the condition that all maps Gt have 1-
dimensional level sets. Using this idea, it is easy to construct ev-
erywhere smooth fibrations, such as the one in Example 3.20 where
G(t, u1) = log |u1+1|. Of course, the topology of the resulting fibration
depends on the topology of the maps Gt.
We have an analogous model in dimension n = 3:
Example 5.7 (The leg). Consider the following affine symplecto-
morphism of (C2, ωC2)
(32) Φ : (u1, u2) 7→ (−u2, u1 − 1).
The surface Σ is sent by Φ ◦ Γ0 to Σ′ = {v2 + 1 = 0}. The amoeba of
Σ′ is just a straight line. The resulting fibration f is
(33) f(z1, z2, z3) =
( |z1|2 − |z2|2
2
, log |z3|, log |γ(z1, z2)− 1|
)
.
The discriminant locus is {0} × R × {0} ⊂ R3, a horizontal line in the
plane {0}×R2. The fibration is a piecewise smooth version of the generic
singular fibration in Example 4.5. Notice that this fibration is invariant
under the Hamiltonian T 2-action
(34) (eiθ1 , eiθ2) · (z1, z2, z3) = (eiθ1z1, e−iθ1z2, e2iθ2z3),
whose moment map is
(z1, z2, z3) 7→
( |z1|2 − |z2|2
2
, |z3|2
)
.
There are other choices of symplectomorphisms Φ giving piecewise
smooth generic fibrations. Although not very different from the previous
one, we will write another two for convenience, since we will need them
in the next example. The first one is
(35) Φ : (u1, u2) 7→ (u1 − 1, u2 −
√
2).
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It gives the fibration
(36) f(z1, z2, z3) =
( |z1|2 − |z2|2
2
, log |γ(z1, z2)− 1|, log
∣∣∣z3 −√2∣∣∣
)
,
whose discriminant locus is the vertical line {0} × {0} × R ⊂ R3. Also
in this case it is clearly invariant under a T 2 action. The last choice of
Φ is
(37) Φ : (u1, u2) 7→ 1√
2
(u1 − u2, u1 + u2),
giving
(38) f(z1, z2, z3) =
( |z1|2 − |z2|2
2
, log |γ(z1, z2)− z3|, log |γ(z1, z2) + z3|
)
,
whose discriminant is the slope +1 diagonal through zero in {0} ×R2.
The T 2 action in this case is given by
(39) (eiθ1 , eiθ2) · (z1, z2, z3) = (ei(θ2+θ1)z1, ei(θ2−θ1)z2, e2iθ2z3),
whose moment map is
(z1, z2, z3) 7→
( |z1|2 − |z2|2
2
,
|z1|2 + |z2|2
2
+ |z3|2
)
.
In the above examples, the reduced spaces are all 2-dimensional. Using
Remark 5.3 we can construct variations of (33) by replacing the last
component of (33) with any function depending on t = |z1|
2−|z2|2
2 , s =
|z3|2 and u1 = z1z2, subject to the condition that all the maps Gt have
1-dimensional level sets. A choice providing an example of a smooth
fibration is given by G = log |u1 − 1|, which gives us Example 4.5.
One can do more. In fact, one can take a function G which gives an
interpolation between the piecewise smooth fibration in (33) and the
smooth one in Example 4.5. This can be done by taking G depending
also on s, such that G is equal to log |γ(z1, z2) − 1| when s is big and
equal to log |u1 − 1| when s is small. We will say more about this later
on, as this idea is useful in an important step of the main construction
of the paper.
Example 5.8 (The amoeba with thin legs). We now construct an
example which interpolates Example 5.5 and 5.7. Consider the smooth
function:
H0 =
pi
4
Im(u1u2)
and let ηH0 be the Hamiltonian vector field associated to H0. If Φs is
the flow generated by ηH0 , then the Hamiltonian symplectomorphism
associated to H0 is defined to be ΦH0 = Φ1. One computes that in our
case
ΦH0 : (u1, u2) 7→
1√
2
(u1 − u2, u1 + u2).
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It maps {u1 = 0} to {v1+ v2 = 0}. We now want a symplectomorphism
which acts like ΦH0 in a small ball centered at the origin and like the
identity outside a slightly bigger ball. So choose a cut-off function k :
R≥0 → [0, 1] such that, for some  > 0,
(40) k(t) =
{
1 when 0 < t ≤ ;
0 when t ≥ 2
and define the Hamiltonian
H = k(|u1|2 + |u2|2)H0.
The Hamiltonian symplectomorphism ΦH associated to H satisfies
ΦH(u1, u2) =


IdC2, when |u1|2 + |u2|2 ≥ 2;
1√
2
(u1 − u2, u1 + u2), when |u1|2 + |u2|2 ≤ .
Now let Ψ be the affine symplectomorphism
Ψ : (v1, v2) 7→ 1√
2
(v1 − v2, v1 + v2 −
√
2),
and finally, define Φ = Ψ ◦ ΦH . It is clear that
Φ(u1, u2) =


Ψ, when |u1|2 + |u2|2 ≥ 2;
(−u2, u1 − 1), when |u1|2 + |u2|2 ≤ .
Notice that Φ acts like in (32) on the ball of radius
√
 around the origin,
i.e., in a neighborhood of the surface {u1 = 0}, and like in (29) outside
a larger ball. We use this Φ to construct a fibration f using Proposition
5.4. One can then see that Φ ◦ Γ0 sends Σ to a surface Σ′ such that
Log(Σ′) ⊂ R2 is a 3-legged amoeba with the end of the horizontal leg
pinched down to a straight line. The discriminant locus of f is then
∆ = {0} × Log(Σ′) ⊂ R3. Of course, f fails to be smooth on the slice
µ−1(0). Using the same method we can twist Σ suitably and obtain a
fibration having discriminant locus an amoeba with three thin legs (cf.
Figure 5). For example, to pinch the diagonal leg to a thin line, choose
a smooth function H0 generating the Hamiltonian symplectomorphism
(u1, u2)→
(
u1 +
1√
2
, u2 +
1√
2
)
.
CutH0 off with a function ρ which vanishes when |u2|2 ≤M/2, for some
big M , and is equal to 1 when |u2|2 ≥M . This produces a Hamiltonian
H. Now one proceeds as before. With an almost identical procedure one
pinches down the vertical leg. The final choice of symplectomorphism
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Φ pinching down all three legs simultaneously may look like:
(41)
Φ(u1, u2) =


(−u2, u1 − 1), when |u1|2 + |u2|2 ≤ ;
(u1 − 1, u2 −
√
2), when |u1|2 + |u2 −
√
2|2 ≤ ;
1√
2
(u1 − u2, u1 + u2), when |u2|2 ≥M ;
Ψ, everywhere else.
It is clear that this piecewise smooth example is topologically conjugate
to the one in Example 2.9. Here we have made explicit the twistings
described there. In §7 we will show that this fibration can be modified
so that it is actually smooth towards the ends of the three legs. For
this we will develop further the smoothing method sketched at the end
of Example 5.7. Also in §7, we will show that this fibration can be
modified so that it is smooth away from a neighborhood homeomorphic
to a 2-disk containing the codimension 1 part of its discriminant.
The next result states existence of Lagrangian sections of the fibra-
tions in the previous examples.
Proposition 5.9. The fibrations in Example 5.5 and 5.8 have smooth
Lagrangian sections which do not intersect the critical surface Crit(f).
Proof. Consider the symplectomorphism Φ from Example 5.5. The
reduced fibration at time t = 0, i.e., the map G0 = Log ◦Φ◦Γ0, has many
Lagrangian sections, since the Log fibration has many. In particular, we
can choose one which does not intersect Σ = Crit(f); this follows for
example by observing that the following Lagrangian section of the Log
fibration
(42) (x1, x2) 7→ (iex1 , ex2)
does not intersect the surface Σ′ = {v1 + v2 + 1}. It is easy to see that
a section which does not intersect Σ can be lifted to µ−1(0). The image
of this lift is a coisotropic 2 dimensional submanifold of X. Applying
the coisotropic embedding theorem, we can extend this submanifold
to a Lagrangian submanifold along a direction which is transversal to
µ−1(0), e.g., along iη, where η is the Hamiltonian vector field of the S1
action. This submanifold is then the image of a section of the fibration
in Example 5.5.
In the case of Φ from Example 5.8, Φ(Σ) is a small perturbation of Σ′
as above. One can see that the section in (42) also avoids Φ(Σ). Then
the argument follows as before. q.e.d.
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We notice that “smooth section” in the above statement means a
section whose image is a smooth, manifold. In fact, there is no obvious
notion of what a smooth map from the base is, since there is no notion
of smooth coordinates.
In view of Proposition 5.4, the fibrations of Examples 5.5 and 5.8 are
all given by piecewise C∞ maps. More precisely, away from Σ, they
are the union of two honest C∞ fibrations meeting and coinciding along
µ−1(0). A similar phenomenon occurs in special Lagrangian geometry
[22]. This kind of piecewise smoothness deserves careful attention, and
we study it in the next section.
6. Stitched fibrations
In [4] we proposed to extend the classical theory of action-angle co-
ordinates to a particular type of piecewise smooth fibrations, which we
called stitched fibrations. Here we review how this theory was further
developed in [3] and extend some of those techniques to fibrations which
are not proper. For details and complete proofs we refer the reader to
[3]. The material in this section is primarily technical but necessary
to understand the lack of regularity of the fibrations in §5. The tech-
niques here are useful, in particular, for the construction of Lagrangian
fibrations of negative type §7.
Definition 6.1. Let (X,ω) be a smooth 2n-dimensional symplectic
manifold. Suppose there is a free Hamiltonian S1 action on X with
moment map µ : X → R. Let X+ = {µ ≥ 0} and X− = {µ ≤ 0}.
Given a smooth (n−1)-dimensional manifoldM , a map f : X → R×M
is said to be a stitched Lagrangian fibration if there is a continuous S1
invariant function G : X →M , such that the following holds:
(i) Let G± = G|X± . Then G+ and G− are restrictions of C∞ maps
on X;
(ii) f can be written as f = (µ,G) and f restricted to X± is a proper
submersion with connected Lagrangian fibres.
We call Z = µ−1(0) the seam and Γ = f(Z) ⊆ {0} ×M the wall. We
denote f± = f |X± .
Notice that we do not require f to be onto R ×M , so we denote
B = f(X) and B± = f(X±). In general, a stitched fibration will
only be piecewise C∞; however, all its fibres are smooth Lagrangian
tori. Observe also that f± is the restriction of a C∞ map, it is not
a priori required to extend to a smooth Lagrangian fibration beyond
X±. Throughout this section we will always assume (unless otherwise
stated) that the pair (B,Γ) is diffeomorphic to the pair (Dn,Dn−1),
where Dk ⊂ Rk is an open unit ball centered at the origin and Rn−1 is
embedded in Rn. Later on we will consider more general bases –e.g.,
non-simply-connected– when we speak about monodromy.
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We now review some of the examples given in §5:
Example 6.2 (Stitched focus-focus, revisited). Consider the piece-
wise smooth fibration in Example 5.6. One can easily see that the
restriction of f to X − f−1(0) is a stitched Lagrangian fibration.
Analogously, the piecewise smooth fibration in Example 5.7 gives rise
to a stitched fibration when restricted to the complement of the union
of the singular fibres. There is another important example in dimension
three:
Example 6.3 (The amoeba, revisited). Consider the fibration in
Example 5.5. When restricted to X − f−1(∆), f defines a stitched
Lagrangian fibration. The seam is Z = µ−1(0)− f−1(∆); notice that in
this case Z has three connected components.
To understand the geometry of stitched fibrations in a neighborhood
of a point on the wall, it is convenient to allow a more general set of
coordinates than just the smooth ones.
Definition 6.4. A set of coordinates on B ⊆ R ×M , given by a
map φ : B → Rn, is said to be admissible if the components of φ =
(φ1, . . . , φn) satisfy the following properties:
(i) φ1 is the restriction to B of the projection map R×M → R;
(ii) for j = 2, . . . , n the restrictions of φj to B
+ and B− are locally
restrictions of smooth functions on B.
Essentially, admissible coordinates are those such that φ ◦ f is again
stitched. Let f : X → B be a stitched Lagrangian fibration and let φ
be a set of admissible coordinates. For j = 2, . . . , n, f±j = φj ◦ f |X±
is the restriction of a C∞ function on X to X± and we can write f =
(µ, f±2 , . . . , f
±
n ). Let η1 and η
±
j be the Hamiltonian vector fields of µ and
f±j respectively. In order to measure how far f is from being smooth, it
makes sense to compare η+j and η
−
j in the only place where they exist
simultaneously, i.e., along Z. In fact, it is not difficult to show that
there are S1 invariant functions aj on Z such that
(43) (η+j − η−j )|Z = aj η1|Z .
Clearly, when φ ◦ f is smooth a2 = · · · = an = 0.
It is convenient to interpret the S1 invariant functions (a2, . . . , an) in
(43) as follows. First observe that the seam of a stitched fibration is an
S1-bundle p : Z → Z¯ := Z/S1 such that:
Z
f |Z >
>>
>>
>>
p
// Z¯
f¯  
  
  
 
Γ
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where Z¯ has the reduced symplectic form and f¯ is the reduced La-
grangian fibration over the wall Γ. We also have the vertical (n − 1)-
plane distribution:
L = ker f¯∗ ⊂ T Z¯
tangent to the fibres of f¯ . Clearly, a choice of coordinates around b ∈ Γ
induces a frame η¯ = (η¯2, . . . , η¯n) of L, where η¯j = p∗η+j = p∗η
−
j . Define
`1 to be the section of L
∗ such that:
`1(η¯j) = aj.
It is not difficult to see (and we prove it in [3]) that `1 is fibrewise closed,
i.e., when restricted to the fibres of f¯ , `1 is a closed 1-form. One can
prove that a different choice of coordinates around b ∈ Γ induces a frame
η¯′ and a section `′1 such that `
′
1 − `1 = δ, where δ is fibrewise constant,
i.e., the Lie derivative Lη¯jδ = 0 for all j = 2, . . . , n (cf. [3, Proposition
4.2]). As a corollary, if there is a change of coordinates in the base which
makes a stitched fibration smooth, then `1 is fibrewise constant. The
invariant `1 is a first order measure of how much f fails to be smooth
along Z. Of course one also needs to consider “higher order terms” to
fully understand the behavior of a stitched fibration near the seam.
In the smooth case, action-angle coordinates defined over B depend
on a choice of a basis of H1(X,Z). In the case of stitched fibrations it is
convenient to generalize this idea as follows. We choose a pair of bases
γ± = (γ1, γ±2 , . . . , γ
±
n ) of H1(X,Z) such that
(a) γ1 is represented by an orbit of the S
1 action,
(b) γ+j = γ
−
j +mjγ1, for some m2, . . . ,mn ∈ Z.
Condition (b) simply means that if p∗ : H1(X,Z) → H1(X/S1,Z)
then p∗γ+ = p∗γ−. Such a choice of bases will be useful to understand
fibrations over non simply connected bases where monodromy may oc-
cur. The following proposition generalizes the notion of action angle
coordinates on the base.
Proposition 6.5. Let f : X → B be a stitched fibration and let γ± be
bases of H1(X,Z) satisfying the above conditions. Then the restrictions
of γ± to H1(X±,Z) induce embeddings,
Λ± ↪→ T ∗B± .
Let α± : B± → Rn be the corresponding action coordinates satisfying
α±(b) = 0 for some b ∈ Γ. Then the map
α =
{
α+ on B+
α− on B−
is an admissible change of coordinates. If b1, . . . bn denote the action
coordinates on B given by α, then {db1, . . . dbn} is a basis of Λ+ and
Λ−. Furthermore, the reduced space Z¯ can be identified with T ∗Γ/
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〈db2, . . . , dbn〉Z and the reduced fibration f¯ can be identified with the
standard projection p¯i. Moreover, `1 satisfies
(44)
∫
[dbj ]
`1 = mj , j = 2, . . . , n
where [dbj ] ∈ H1(Z¯,Z) is the class represented by dbj .
Proof. The first statements follow from the results in §3. For the
proof of the last statement we refer the reader to [3, §4]. q.e.d.
Recall that to establish the existence of action-angle coordinates, in
the classical case, one chooses a smooth Lagrangian section. In the
stitched case we choose a continuous section σ : B → X such that σ|B±
are the restrictions of smooth maps and σ(B) is a smooth Lagrangian
submanifold. Such sections always exist locally, for example the one
constructed in Proposition 5.9 is a section of this type. We denote
a stitched fibration f : X → B together with a choice of basis γ of
H1(X,Z) and a section σ as above by F = (X,B, f, γ, σ).
Definition 6.6. Two stitched fibrations
F = (X,B, f, γ, σ), F ′ = (X ′, B′, f ′, γ′, σ′),
with seams Z and Z ′ respectively are symplectically conjugate if there
are neighborhoods W ⊆ B of Γ := f(Z) and W ′ ⊆ B′ of Γ′ := f ′(Z ′)
such that F|W and F ′|W ′ are (ψ, φ)-conjugate, where ψ is an S1 equi-
variant C∞ symplectomorphism sending Z ′ to Z and φ is a C∞ diffeo-
morphism such that ψ ◦σ′ = σ ◦φ and ψ∗γ′ = γ. The set of equivalence
classes under this relation will be called germs of stitched fibrations.
Notice that in the above definition we are allowed to shrink to a
smaller neighborhood of Γ but not to a smaller Γ. So germs are meant
to be defined around Γ and not around a point. In [3] we classified
stitched Lagrangian fibrations up to symplectic conjugation in terms of
certain invariants. We review this classification here.
First we illustrate a basic construction of stitched fibrations.
Example 6.7 (Normal forms). Let (b1, . . . , bn) be the standard co-
ordinates on Rn. Let (U,Γ) be a pair of subsets of Rn diffeomorphic
to (Dn,Dn−1) and Γ = U ∩ {b1 = 0}. Define U+ = U ∩ {b1 ≥ 0}
and U− = U ∩ {b1 ≤ 0}. Consider the lattice Λ = span〈db1, . . . , dbn〉Z
and form the symplectic manifold T ∗U/Λ. Denote by pi the standard
projection onto U . Let Z = pi−1(Γ) and Z¯ = Z/S1, where the S1 action
is the one generated by db1. Suppose there is an open neighborhood
V ⊆ T ∗U/Λ of Z and a map u : V → Rn which is a proper, smooth,
S1-invariant Lagrangian submersion with components (u1, . . . , un) such
that u|Z = pi and u1 = b1. Now define the following subsets of T ∗U/Λ,
Y + := pi−1(U+), Y := Y + ∪ V, Y − := Y ∩ pi−1(U−)
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and define the map fu : Y → Rn by
(45) fu =
{
u on Y −,
pi on Y +.
Clearly fu : Y → Rn is a stitched fibration. Denote Bu := fu(Y ). The
zero section σ0 of pi is, perhaps after a change of coordinates in the
base, a section of fu. Let γ0 be the basis of H1(Y,Z) corresponding to
{db1, . . . , dbn}. We call the stitched fibration Fu = (Y,Bu, fu, σ0, γ0) a
normal form.
Now suppose Fu = (Y,Bu, fu, σ0, γ0) is as above and denote by (b, y)
the canonical coordinates (b1, . . . , bn, y1, . . . , yn) on T
∗Bu so that y gives
coordinates on the fibre T ∗b Bu. Let W be a neighborhood of Γ inside
u(V ). If r ∈ R is a parameter, for any b = (0, b2, . . . , bn) ∈ Γ, let
(r, b) denote the point (r, b2, . . . , bn) ∈ Rn. Given (r, b) ∈ W , denote
by Lr,b the fibre u
−1((r, b)). For every fibre Fb ⊂ Z of pi, consider the
symplectomorphism
(46) (y1, . . . , yn,
n∑
k=1
xkdyk) 7→ (x1, b2 + x2, . . . , bn + xn, y1, . . . , yn),
between a neighborhood of the zero section of T ∗Fb and a neighborhood
of Fb in V . IfW is sufficiently small, for every (r, b) ∈W , the Lagrangian
submanifold Lr,b will be the image of the graph of a closed 1-form on
Fb. Due to the S
1 invariance of u and the fact that u1 = b1, this 1-form
has to be of the type
rdy1 + `(r, b),
where `(r, b) is the pull back to Fb of a closed one form on F¯b. De-
note by `(r) the smooth one parameter family of sections of L∗ such
that `(r)|F¯b = `(r, b). The condition u|Z = pi implies that `(0, b) = 0.
Furthermore, the N -th order Taylor series expansion of `(r) in the pa-
rameter r can be written as
(47) `(r) =
N∑
k=1
`k r
k + o(rN ),
where the `k’s are fibrewise closed sections of L
∗.
Definition 6.8. With the above notation, we define
(i) LZ the set of sequences ` = {`k}k∈N such that `k is a fibrewise
closed section of L∗;
ii) UZ the set of pairs (V, u) where V ⊆ T ∗U/Λ is a neighborhood of
Z and u : V → Rn is a proper, smooth, S1-invariant Lagrangian
submersion with components (u1, . . . , un) such that u|Z = pi and
u1 = b1.
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As above, to a given (V, u) ∈ UZ , we can associate a unique sequence
` ∈ LZ . Conversely, in [3, §5], we showed that for any given sequence
` ∈ LZ there is some (V, u) ∈ UZ ; therefore, a normal form associated
to it. Clearly, this (V, u) is not unique.
In [3], we proved that stitched fibrations are normalized according to
the following:
Proposition 6.9. Every stitched fibration F = (X,B, f, σ, γ) is sym-
plectically conjugate to a normal form Fu = (Y,Bu, fu, σ0, γ0).
Proof. Let Z be the seam of F , ωred the reduced symplectic form on
Z¯ and f¯ : Z¯ → Γ the reduced fibration. The first step is to show that
f+ can be extended, as a smooth proper Lagrangian fibration, a little
bit across Z. On R× S1 × Z¯ we define the symplectic form:
ωred + ds ∧ dt
where (t, s) are coordinates on R×S1. From the coisotropic neighbour-
hood theorem (cf. [26, §3.3]) there exists a function  : Γ → R>0, a
neighbourhood V ⊂ X of Z and an S1-equivariant symplectomorphism
between V and
(48) {(t, s, p) ∈ R× S1 × Z¯ | −(f¯(p)) < t < (f¯(p))}.
In particular, the projection onto R corresponds to the moment map
µ on V . Now, on the set in (48), we can define an “auxiliary” smooth
Lagrangian fibration given by
p˜i(t, s, p) = (t, f¯(p)).
Fix a basis γ of H1(V,Z) ∼= H1(S1 × Z¯,Z) and a smooth Lagrangian
section of p˜i. The action-angle coordinates of p˜i, with respect to γ and
σ, together with (48), induces a C∞ symplectomorphism
(49) V˜ := T ∗U/Λ ∼= V
for some open neighbourhood U of 0 ∈ Rn with coordinates (b1, . . . , bn),
which are the action coordinates of p˜i. The pull back to V˜ of the S1
action on V is given by translations along db1 and the corresponding
moment map is b1. Pulling back f |V to V˜ via the latter identification
and restricting to a smaller neighbourhood V˜ of Z if necessary, we obtain
a stitched fibration defined by:
(50) f =
{
u+ on V˜ +;
u− on V˜ −,
where u± is the pull back of f±. It follows that u+|Z = u−|Z = pi|Z .
We now have an identification which allows us to view f |V as a
stitched fibration on the smooth symplectic manifold V˜ , where global
canonical coordinates exist. Now we use the results of this section (cf.
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[3, §5] for more details) to show that u+ (equivalently, u−) can be ex-
tended a little bit across Z. Since u+ is the restriction of a C∞ map
to V˜ +, all the derivatives of its function components with respect to b1
exist. Evaluating them at b1 = 0 produces a unique sequence in LZ¯
and a smooth proper Lagrangian fibration (V˜ , w) ∈ UZ¯ (where we may
restrict to a smaller neighbourhood V˜ of Z) whose Taylor coefficients
in b1 evaluated at b1 = 0 coincide with those of u
+. In particular, this
allows us to define
(51) u˜+ =
{
u+ on V˜ +;
w on V˜ −,
obtaining an element (V˜ , u˜+) ∈ UZ¯ , where u˜+ extends u+. Observe
that different choices of w induce different smooth extensions of u+;
however, all such choices are obtained starting from the same sequence
in LZ¯ determined by the derivatives of u
+. Finally, pulling back u˜+ to
V under the identification (49), and perhaps shrinking V , gives us an
extension f˜+ of f+. Similarily we obtain an extension f˜− of f−.
To put f in normal form, we consider the action-angle coordinates
associated to f˜+ with section σ and basis γ of H1(X,Z) as above. In
these coordinates, X+ ∪V becomes T ∗U/Λ, f˜+ becomes the projection
pi and f˜− becomes (W,u) ∈ UZ for some neighbourhood W of Z and
some Lagrangian fibration u. Then we simply define Y + = T ∗U+/Λ,
Y = Y + ∪W , Y − = Y ∩ pi−1(U−) and
(52) fu =
{
u on Y −,
pi on Y +.
q.e.d.
When F is smooth, its normal form is Fpi. This is Arnold-Liouville
theorem (cf. Corollary 3.5). Given a stitched Lagrangian fibration
F = (X,B, f, σ, γ) with normal form Fu = (Y,Bu, fu, σ0, γ0), we re-
spectively denote by Znor and Γnor the seam and the wall of Fu and by
Z¯nor the S
1 reduction of Znor.
Definition 6.10. Let F = (X,B, f, σ, γ) be a stitched fibration with
normal form Fu = (Y,Bu, fu, σ0, γ0). Let ` ∈ LZ¯nor be the unique
sequence determined by (V, u) ∈ UZnor defining Fu. We call inv(F) :=
(Z¯nor, `) the invariants of F . We say that the invariants of F vanish
if for all k ∈ N, `k ≡ 0 when restricted to the reduced fibres of Fu.
We say that the invariants of F are fibrewise constant if all the `k’s are
fibrewise constant.
We prove in [3, Corollary 6.9] that inv(F) is independent on the
choice of normal form.
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We will now see that every specified data (Z¯nor, `), with `1 satisfying
an integrality condition can be realized as the invariants of a stitched fi-
bration. Notice that Z¯nor is uniquely determined by Γ as Z¯nor = T
∗Γ/Λ¯,
where Λ¯ = span〈db2, . . ., dbn〉Z. We have
Theorem 6.11. Given any pair (U,Γnor) of subsets of R
n, diffeo-
morphic to (Dn,Dn−1) and with Γnor = U ∩ {b1 = 0}, a sequence
` = {`k}k∈N ∈ LZ¯nor and integers m2, . . . ,mn such that
(53)
∫
[dbj ]
`1 = mj , for all j = 2, . . . , n,
there exists a smooth symplectic manifold (X,ω) and a stitched La-
grangian fibration f : X → U satisfying the following properties:
(i) the coordinates (b1, . . . , bn) on U are action coordinates of f with
µ = f∗b1 the moment map of the S1 action;
(ii) the periods {db1, . . . , dbn}, restricted to U± correspond to bases
γ± = {γ1, γ±2 , . . . , γ±n } of H1(X,Z) satisfying conditions (a) and
(b) prior to Proposition 6.5;
(iii) there is a Lagrangian section σ of f , such that (Z¯nor, `) are the
invariants of (X, f,U, σ, γ+).
Proof. We refer the reader to [3, Theorem 6.12] for the details.
Roughly, one starts with U+ and U− regarded as disjoint sets. These
give two disjoint pieces X± = T ∗U±/Λ±, where Λ± = 〈db1, . . . , dbn〉Z.
Let Z± = ∂X±. On X+ we have Hamiltonian vector fields η1 = ∂y1
and η+j = ∂yj for j = 2, . . . , n. We can also define vector fields on Z
+:
η−j = η
+
j − ajη1
where (a2, . . . , an) are the coefficients of `1. One can (topologically) glue
X+ andX− using a map Q : Z− → Z+ defined in terms of the Rn action
induced by the flows of η−j . Intuitively, Q identifies the fibres inside each
of the two halves Z− and Z+ after the fibres inside Z− have been twisted
by iteratively flowing in the direction of η1, η
−
2 , . . . , η
−
n . The integrality
condition (53) guarantees that (ii) is satisfied. One can extend Q to a
smooth symplectomorphism Q˜ between open neighborhoods of Z±. For
this one needs to consider invariants `k, for k > 1. The choice of Q˜ is
determined by {`k}. This gluing gives a smooth symplectic manifold
(X,ω) and a stitched fibration f : X → U , which by construction is
such that inv(F) = (Z¯nor, `). q.e.d.
We also have the following (cf. [3, Theorem 6.11]):
Theorem 6.12. Let F and F ′ be stitched fibrations. Then,
(i) two stitched fibrations F and F ′ are conjugate if and only if inv(F)
= inv(F ′);
(ii) F is smooth if and only if inv(F) vanish;
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(iii) F becomes smooth after an admissible change of coordinates on
the base if and only if inv(F) are fibrewise constant.
In other words, the set of germs of stitched fibrations is classified
by the pairs (Z¯nor, `). We say that a fibration is fake stitched if it
becomes smooth after an admissible change of coordinates on the base.
One interesting consequence of Theorem 6.11, which we will exploit
later on, is that from a given set of invariants we can form another
one for example by summing to the sequence ` another sequence or by
multiplying elements `k by pull backs of smooth functions on the base.
The new invariants give rise to new stitched fibrations.
Example 6.13. Consider a smooth proper Lagrangian fibration f :
X → B, with B = R×M and f = (µ,G), where µ is the moment map of
a free S1 action and G is S1 invariant. Assuming B is contractible and
having chosen bases γ± of H1(X,Z) as in (a) and (b) above, on B we
can apply the admissible change of coordinates α as in Proposition 6.5.
Clearly f ′ = α ◦ f is (tautologically) a fake stitched fibration. Given
a Lagrangian section σ of f ′, it easy to see that the normal form for
(X, f ′(B), f ′, γ+, σ) is of the type (Y,U, fu, γ0, σ0) where Y = T ∗U/Λ
and
u(y1, . . . , yn, b1, . . . , bn) = (b1, b2 −m2b1, . . . , bn −mnb1),
i.e., the projection composed with a linear change of coordinates. In
this case the only non-zero invariant is `1 which is given by
`1 =
∑
j
mjdyj .
Clearly `1 is fibrewise constant.
6.1. Monodromy.We now study stitched fibrations defined over non
simply connected bases. In this case, the underlying topological T n
bundle may have monodromy. When F is smooth, monodromy can be
read from the holonomy of the affine structure on the base. This is
no longer true for stitched fibrations in general. This is the case, for
instance, of Example 5.5; in fact, in [4, Proposition 7] (cf. also Remark
5) we gave explicit evidence of this. We show now that monodromy can
alternatively be detected from the behavior of the first order invariant
`1. We restrict to some specific examples with unipotent monodromy.
Example 6.14. Let U ⊂ R2 be an open annulus in R2 centered at
the origin. As usual denote U+ = U ∩{b1 ≥ 0}, U− = U ∩{b1 ≤ 0} and
Γ = U+∩U−. This time Γ is disconnected. We let Γu = Γ∩{b2 ≥ 0} and
Γd = Γ ∩ {b2 ≤ 0} be the upper and lower parts of Γ respectively. Now
let f : X → R2 be a stitched Lagrangian fibration such that f(X) = U .
Observe that the seam Z has two connected components: Zu = f
−1(Γu)
and Zd = f
−1(Γd). Denote by Z¯u and Z¯d the respective S1 quotients,
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i.e., the connected components of Z¯. Let b ∈ Γu and choose as generator
of pi1(U, b) an anti-clock-wise oriented curve starting at b and going once
around 0. Suppose that with respect to a basis {γ1, γ2} of H1(Fb,Z) the
monodromy is
(54)
(
1 −m
0 1
)
,
for some integer m 6= 0. In this case we must have that γ1 is represented
by the orbits of the S1 action. As usual let X± = f−1(U±). Since U−Γd
is contractible we can think of {γ1, γ2} as a basis of H1(f−1(U−Γd),Z).
Consider the diagrams:
H1(X
+,Z)
))RR
RRR
RRR
RRR
RR
H1(f
−1(U − Γd),Z)
66lllllllllllll j+
// H1(f
−1(U − Γu),Z)
or
H1(f
−1(U − Γd),Z)
((RR
RRR
RRR
RRR
RR
j−
// H1(f
−1(U − Γu),Z)
H1(X
−,Z)
66lllllllllllll
induced by inclusions and restrictions. The map j+ identifies {γ1, γ2}
with a basis {γ1, γ+2 } of H1(f−1(U − Γu),Z), whereas j− with a basis
{γ1, γ−2 }. Notice that monodromy is given by j−1+ ◦ j−. Therefore, we
must have γ+2 = mγ1 + γ
−
2 . Hence {γ1, γ+2 } and {γ1, γ−2 } satisfy condi-
tions (a) and (b) in the previous section. Applying Proposition 6.5 to f
restricted to f−1(U − Γu) we can consider the action coordinates map
α constructed by taking action coordinates with respect to {γ1, γ+2 } on
U+ and with respect to {γ1, γ−2 } on U−. Denote by (bd1, bd2) such coor-
dinates. Similarly, on U − Γd we can consider action angle coordinates
with respect to the basis {γ1, γ2}. Denote by (bu1 , bu2) these coordinates.
In particular we have the identifications
Z¯d = T
∗Γd / 〈dbd2〉Z
and
Z¯u = T
∗Γu / 〈dbu2 〉Z.
With respect to this choice of coordinates we can compute the first order
invariants of f , `u1 and `
d
1 on Z¯u and Z¯d, respectively. Then (44) should
hold; therefore we obtain∫
[dbu2 ]
`u1 = 0 and
∫
[dbd2]
`d1 = m.
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This tells us that monodromy can be read from a jump in cohomology
class of the first order invariant associated to action coordinates.
Using the methods of Theorem 6.11 we can also construct stitched
Lagrangian fibrations with prescribed monodromy and invariants. In
fact, we have
Theorem 6.15. Let U ⊂ R2 be an annulus as above with coordinates
(b1, b2). Let Z¯d = T
∗Γd / 〈db2〉Z and Z¯u = T ∗Γu / 〈db2〉Z with projections
p¯id and p¯iu and bundles Ld = ker p¯i
d∗ and Lu = ker p¯iu∗ respectively. Given
an integer m and sequences `d = {`dk}k∈N ∈ LZ¯d and `u = {`uk}k∈N ∈
LZ¯u such that ∫
[db2]
`u1 = 0 and
∫
[db2]
`d1 = m,
there exists a smooth symplectic manifold (X,ω) and a stitched La-
grangian fibration f : X → U having monodromy (54) with respect
to some basis γ = {γ1, γ2} of H1(f−1(U − Γd),Z) and satisfying the
following properties:
(i) the coordinates (b1, b2) are action coordinates of f with moment
map f∗b1;
(ii) the periods {db1, db2}, restricted to U± correspond to the basis
{γ1, γ2};
(iii) there is a Lagrangian section σ of f , such that (Z¯u, `
u) and (Z¯d, `
d)
are the invariants of (f−1(U −Γd), f, U −Γd, σ, γ) and (f−1(U −
Γu), f, U − Γu, σ, j+(γ)) respectively.
The fibration (X, f,U) satisfying the above properties is unique up to
fibre preserving symplectomorphism.
Proof. This is just a repetition of the arguments in Theorem 6.11 for
each component of Γ = Γd ∪ Γu. We leave the details as an exercise.
q.e.d.
Remark 6.16. Notice that the stitched fibrations discussed in Ex-
ample 6.14 are more general than the ones constructed in Theorem 6.15.
We illustrate this with an example. Let U− and U+ be two “half annuli”
of the same width but of different radii (as depicted in Figure 10). If
b± = (b±1 , b
±
2 ) denote coordinates on U
± and we let Λ± = 〈db±1 , db±2 〉Z,
then we can glue together X+ = T ∗U+/Λ+ and X− = T ∗U−/Λ− after
choosing suitable invariants and applying the usual method of Theo-
rem 6.11. We first glue the lower boundaries of X+ and X− and then
the upper boundaries, (as indicated by the arrows in Figure 10). This
produces a stitched fibration of the type discussed in Example 6.14; in
fact, we would obtain a total space X which fibres over a base obtained
as the result of the gluing of the two half annuli, which is clearly dif-
feomorphic to an annulus. The fibration is not of the type constructed
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in Theorem 6.15. There are two main differences between the two con-
structions. In the examples from Theorem 6.15, action coordinates ex-
tend continuously to the whole annulus and the symplectic form on the
total space is exact. These two facts do not hold in the example just
described; in fact, if the symplectic form were exact then the action co-
ordinates would extend continuously to the whole annulus (to show this
one can use an argument similar to the one used in Proposition 4.11).
U+U−
Figure 10. Gluing half annuli with different radii.
Example 6.17. An example of a stitched Lagrangian fibration con-
structed using Theorem 6.15 is the following. We can choose the el-
ements of the sequence `u to be all zero, while the elements of the
sequence `d to be all zero except `d1 which we define to be
`d1 = mdy2.
It is clear that the resulting fibration is only fake stitched; in fact, the
invariants are fibrewise constant. One can also see that, in the case
m = 1 and U = R2 − {0}, the fibration is symplectically conjugate to
(X,α ◦ f), where (X, f) is a smooth focus-focus fibration (where the
singular fibre has been removed) and α is the action coordinates map
(see the discussion after Example 3.20 and Example 6.13). In particular,
this fibration induces an affine structure on the base which is simple.
We now discuss a three dimensional example.
Example 6.18. In R3 consider the 3-valent graph
∆ = {(0, 0,−t), t ≥ 0} ∪ {(0,−t, 0), t ≥ 0} ∪ {(0, t, t), t ≥ 0}
and let D be a tubular neighborhood of ∆. Take U = R3 − D and
assume we have a stitched Lagrangian fibration f : X → R3 such that
U = f(X) and the seam is Z = f−1({b1 = 0} ∩ U). Again we let
U+ = U ∩ {b1 ≥ 0}, U− = U ∩ {b1 ≤ 0} and Γ = U+ ∩ U−. Also let
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X± = f−1(U±). This time Γ (hence Z) has three connected components
Γc = {(0, t, s), t, s < 0} ∩ U,
Γd = {(0, t, s), t > 0, s < t} ∩ U,
Γe = {(0, t, s), s > 0, t < s} ∩ U.
Also denote by Zc, Zd and Ze the corresponding connected components
of Z and by Z¯c, Z¯d and Z¯e their S
1 quotients.
Fix b ∈ Γc and suppose that there is a basis {γ1, γ2, γ3} of H1(Fb,Z)
and generators g1, g2, g3 of pi1(U, b), satisfying g1g2g3 = 1, with respect
to which the monodromy transformations are Ti =Mb(gi) where
(55) T1 =

 1 −m1 00 1 0
0 0 1

 , T2 =

 1 0 −m20 1 0
0 0 1


and T3 = T
−1
2 T
−1
1 , for non zero integers m1 and m2. We have that γ1 is
represented by the orbits of the S1 action, since it is the only monodromy
invariant cycle. Now, since U − (Γd ∪ Γe) is contractible, {γ1, γ2, γ3} is
a basis of H1(f
−1(U − (Γd ∪ Γe)),Z). Consider the diagrams:
H1(X
+,Z)
))SS
SSS
SSS
SSS
SSS
S
H1(f
−1(U − (Γd ∪ Γe)),Z)
55kkkkkkkkkkkkkkk
j+
// H1(f
−1(U − (Γc ∪ Γd)),Z)
or
H1(f
−1(U − (Γd ∪ Γe)),Z)
))SS
SSS
SSS
SSS
SSS
S
j
−
// H1(f
−1(U − (Γc ∪ Γd)),Z)
H1(X
−,Z)
55kkkkkkkkkkkkkkk
induced by inclusions and restrictions. The map j+ identifies {γ1, γ2, γ3}
with a basis of H1(f
−1(U − (Γc ∪ Γd)),Z), which we call {γ1, γ+2 , γ+3 },
while j− identifies it with another basis, which we call {γ1, γ−2 , γ−3 }.
Notice that the monodromy map Mb(g2) = j−1+ ◦ j−. We must have
(56)
{
γ+2 = γ
−
2 ,
γ+3 = m2γ1 + γ
−
3 .
Applying Proposition 6.5 to f restricted to f−1(U − (Γc ∪ Γd)), we can
consider the action coordinates map α on U − (Γc ∪Γd) computed with
respect to {γ1, γ+2 , γ+3 } on U+ and with respect to {γ1, γ−2 , γ−3 } on U−.
Let us denote these coordinates by (be1, b
e
2, b
e
3). Similarly we can consider
action coordinates on U− (Γd∪Γe) with respect to the basis {γ1, γ2, γ3}
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of H1(f
−1(U − (Γd ∪ Γe)),Z). We denote them by (bc1, bc2, bc3). We have
the identifications
Z¯e = T
∗Γe / 〈dbe2, dbe3〉Z
and
Z¯c = T
∗Γc / 〈dbc2, dbc3〉Z.
With respect to these coordinates we can compute the first order
invariants `e1 and `
c
1 on Z¯e and Z¯c respectively. From Proposition 6.5
and identities (56) applied to `c1 and `
e
1 we obtain∫
[dbc2]
`c1 =
∫
[dbc3]
`c1 = 0
and ∫
[dbe2]
`e1 = 0 and
∫
[dbe3]
`e1 = m2.
Similarly we construct the first order invariant `d1 on Z¯d. It will satisfy∫
[dbd2]
`d1 = m1 and
∫
[dbd3]
`d1 = 0.
Again, monodromy is understood in terms of the difference in the coho-
mology class of the first order invariant. Example 5.5 is a special case
of this situation, where m1 = m2 = 1.
Conversely, we can construct stitched fibrations like the one in previ-
ous example by specifying gluing data and applying Theorem 6.11. In
fact, we can prove
Theorem 6.19. Let U ⊂ R3, Γc, Γd and Γe be as in Example 6.18
and let (b1, b2, b3) be coordinates on U . Define Z¯c = T
∗Γc / 〈db2, db3〉Z,
Z¯d = T
∗Γd / 〈db2, db3〉Z and Z¯e = T ∗Γe / 〈db2, db3〉Z with projections p¯ic,
p¯id, p¯ie and bundles Lc = ker p¯i
c∗, Ld = ker p¯id∗, Le = ker p¯ie∗. Suppose
we are given integers m1, m2 and sequences `
c = {`ck}k∈N ∈ LZ¯c , `d =
{`dk}k∈N ∈ LZ¯d and `e = {`ek}k∈N ∈ LZ¯e satisfying∫
[db2]
`c1 =
∫
[db3]
`c1 = 0,(57) ∫
[db2]
`e1 = 0 and
∫
[db3]
`e1 = m2,∫
[db2]
`d1 = m1 and
∫
[db3]
`d1 = 0.
Then there exists a smooth symplectic manifold (X,ω) and a stitched
Lagrangian fibration f : X → U having the same monodromy of Exam-
ple 6.18 with respect to some basis γ = {γ1, γ2, γ3} of H1(f−1(U − (Γd∪
Γe)),Z) and satisfying the following properties:
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(i) the coordinates (b1, b2, b3) are action coordinates of f with moment
map f∗b1;
(ii) the periods {db1, db2, db3}, restricted to U± correspond to the basis
γ;
(iii) there is a Lagrangian section σ of f , such that (Z¯c, `
c), (Z¯d, `
d)
and (Z¯e, `
e) are respectively the invariants of:
(f |U−(Γd∪Γe), σ, γ), (f |U−(Γc∪Γe), σ, j+(γ)), (f |U−(Γc∪Γd), σ, j+(γ)).
The fibration (X, f,U) satisfying the above properties is unique up to
fibre preserving symplectomorphism.
Remark 6.20. Also in this case (cf. Remark 6.16) we notice that
fibrations of the type discussed in Example 6.18 are more general than
the ones constructed using Theorem 6.19. To show this, one can use
higher dimensional versions of the fibration in Remark 6.16, with dis-
continuous action coordinates. We leave the details to the reader.
Example 6.21. A simple example of stitched Lagrangian fibration,
which can be constructed using Theorem 6.19, is as follows. Define the
sequence `c to be identically zero and choose the terms of `d and `e to
be zero except the first order ones, which we define to be
`d1 = m1 dy2 and `
e
1 = m2 dy3.
Clearly `c1, `
d
1 and `
e
1 satisfy the integral conditions of Theorem 6.19;
moreover, they are fibrewise constant, and therefore they define fake
stitched fibrations. Since the fibration is smooth after a change of coor-
dinates on the base, it induces an affine structure on the base. One can
easily see that in the case m1 = −1 and m2 = 1 and U = R3 −∆, this
affine structure is simple and affine isomorphic to a negative vertex of
Example 3.12. Notice that we could also replace ∆ with ∆τ and obtain
an affine structure which is isomorphic to the one in Example 3.13.
6.2. Non-proper stitched fibrations. This section is rather tech-
nical and the methods introduced will only be used in the proof of
Lemma 7.6; therefore the reader may skip it on first reading. Here we
study some special cases of piecewise smooth fibrations with non com-
pact fibres. The results extend the ones concerning proper maps. For
this reason and for sake of brevity we shall only give full proofs when
the arguments do not follow directly from the previous case.
Let X be a smooth symplectic 6-manifold together with a smooth
Hamiltonian S1 action with moment map µ : X → R. Assume µ has
exactly one critical value 0 ∈ R and a codimension four submanifold
Σ = Critµ. Let M be a smooth 2-dimensional manifold and let B ⊆
R×M be a contractible open neighborhood of a point (0,m) ∈ R×M .
Let Γ = B ∩ ({0} ×M). As usual we define Z = µ−1(0) and Z¯ the S1
quotient of Z and X+ = {µ ≥ 0}, X− = {µ ≤ 0}.
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We consider fibrations satisfying the following:
Assumption 6.22. The map f : X → B is a topological T 3 fibration
with discriminant locus ∆ ⊂ Γ such that f(Σ) = ∆ satisfying:
(a) (X,ω, f,B) is topologically conjugate to a generic singular fibra-
tion.
(b) There is a continuous S1 invariant map G : X →M such that
(i) if G± = G|X± then G+ and G− are restrictions of C∞ maps
on X;
(ii) f can be written as f = (µ,G) and f restricted to X± is a
proper map with connected Lagrangian fibres.
(c) There is a connected, S1 invariant, open neighborhood U ⊆ X of
Σ such that f(U) = B and such that fU = f |U is a C∞ map with
non degenerate singular points.
We can think of B as D2×I with ∆ = {0}×I. Clearly, the restriction
of f to X − f−1(∆) is a stitched fibration in the sense of the previous
sections. Example 5.7, as well as the legs of Example 5.8, satisfy condi-
tions (a) and (b). Furthermore, one can deform such examples near Σ to
produce fibrations which, in addition, satisfy condition (c) (cf. Lemma
7.4).
Let U′ ⊂ U be a smaller open set satisfying condition (c) (maybe after
shrinking B). If we remove U′ we obtain a topologically trivial compact
cylinder fibration
(58) f |X−U′ : X − U′ → B
which fails to be smooth along a subset of Z − (U′ ∩Z). Notice though
that the fibration is actually smooth toward the ends of each cylindrical
fibre.
LetX◦ = X−U′ with symplectic structure ω◦ = ω|X◦ . The restriction
f◦ = f |X◦ defines a piecewise smooth open cylinder fibration
(59) f◦ : X◦ → B.
We denote F ◦(b) the cylindrical fibre of f◦ over b ∈ B. On the other
hand, the smooth part fU of f defines an integrable Hamiltonian system
with non-degenerate singularities which can be normalized as in Theo-
rem 4.6. This normalization defines smooth coordinates (b1, b2, b3) on
the base.
Denote by X# = X − Σ and by f# : X# → B the restriction of f
to X#. Let (f#)± be the restriction of f± to (X#)± = X# ∩X± and
let Z# = Z −Σ and Z¯# the corresponding reduced space with reduced
symplectic structure ωred on Z¯
#.
Proposition 6.23. Let f : X → B be a fibration satisfying As-
sumption 6.22 and let Fb¯ = f
−1(b¯) be a smooth fibre. There is a basis
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γ = (γ1, γ2, γ3) of H1(Fb¯,Z) and coordinates (b1, b2, b3) on B with re-
spect to which the periods of f± : X± → B± can be written
λ±1 = 2pidb1,
λ±2 = dH
± + λ0,
λ±3 = db3,
where λ0 = arg(b1 + ib2)db1 + log |b1 + ib2|db2 and H± ∈ C∞(B±).
Moreover, there is a fibre preserving symplectomorphism
(60) Θ± : T ∗B±/ΛH± → (X#)±
where ΛH± is the integral lattice generated by λ
±
1 , λ
±
2 , λ
±
3 .
Proof. We take as coordinates (b1, b2, b3) on B the ones given by the
normalization of the singularity in Theorem 4.6. Then the proof goes
essentially as in Proposition 4.8. As in the smooth case, one can define
γ as being represented by an 3-tuple of sections b 7→ (γ1(b), γ2(b), γ3(b)),
each one given by certain composition of Hamiltonian flows. In this case,
however, b 7→ γ2(b) does not vary smoothly but piecewise smoothly,
failing to be smooth along Γ. The contribution of the path γ2∩U to the
periods λ±2 is λ0. On the other hand, the contribution of γ2 ∩X − U is
dH±. In contrast, the other two periods can be computed along paths
entirely contained in U which implies that they are smoothly defined on
B. q.e.d.
We will from now on denote λ±1 and λ
±
3 simply by λ1 and λ3 respec-
tively.
Remark 6.24. Notice that in the above we can assume H+|Γ =
H−|Γ; therefore we can define Λ¯H = ΛH+ mod db1 = ΛH− mod db1.
Via the identification in the above proposition, the space Z¯# corre-
sponds to T ∗Γ/Λ¯H and f¯# : Z¯# → Γ becomes the projection p¯i#.
We now introduce a standard model for fibrations satisfying Assump-
tion 6.22.
Example 6.25 (Normal form of cylindrical type). Let (U,Γ) be a
pair of subsets of R2 × R diffeomorphic to (D2 × D1,D1 × D1) with
Γ = U ∩ {b1 = 0}. Let ∆ = {b1 = b2 = 0}. Given H ∈ C∞(U), denote
by H∆ the germ of H along ∆. Consider the integral lattice ΛH in T
∗U
generated by:
λ1 = 2pidb1,(61)
λ2 = dH + arg(b1 + ib2)db1 + log |b1 + ib2|db2,
λ3 = db3.
Let (y1, y2, y3) denote the locally defined vertical coordinates on T
∗U ,
which it is convenient to think of as ΛH-periodic coordinates. For fixed
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positive L ∈ R consider the following subset of T ∗U :
(62) CL = {|y2| < L}
and denote CL(b) = T
∗
b U ∩CL. If U is a sufficiently small neighborhood
of ∆, we can assume that for every b ∈ U , 2L < | log |b| + ∂b2H|.
Therefore, the projection T ∗b U → T ∗b U/ΛH maps CL(b) to a cylinder
which closes up in the y1 and y3 direction but not in the y2 direction.
So let us think of CL(b) as this cylinder and define J
◦
L =
⊔
b∈U CL(b),
which is an open subset of T ∗U/ΛH . The projection pi restricts to an
open cylinder fibration:
pi◦ : J◦L → U.
Clearly there is an S1 action on J◦L induced by λ1, whose moment map
is b1. Let Z
◦
L = (pi
◦)−1(Γ) and let Z¯◦L be the corresponding S
1 reduced
space. Let p¯i◦ : Z¯◦L → Γ be the reduced fibration. We denote the fibre
of p¯i◦ by C¯L(b).
For L′ < L, construct J◦L′ , which is a cylinder fibration with shorter
cylinders, and define its closure KL′ = J
◦
L′ . Define the open set EL,L′ =
J◦L−KL′ , which we can think of as the union of the ends of the cylinders.
Suppose now that we have an open neighborhood V of Z◦L and a smooth
S1 invariant Lagrangian submersion u : V → R3 with cylindrical fibres
satisfying: u|Z◦
L
= pi◦, u|EL,L′ = pi◦ and u1 = b1. Then we can define
Y +L = (pi
◦)−1(U+), YL = Y +L ∪ V , Y −L = YL ∩ (pi◦)−1(U−) and the
piecewise smooth function f◦u : YL → Bu ⊆ Rn to be the map
(63) f◦u =
{
pi◦ on Y +L ,
u on Y −L .
Clearly, if we think of YL as playing the role of X
◦, f◦u : YL → Bu is a
Lagrangian fibration of type (59). Notice that the fibres of f◦u coincide
with the fibres of pi◦ inside EL,L′ ; in particular, f◦u is smooth restricted
to EL,L′ . In some sense, the fibres of fu are straight towards their ends
(cf. Figure 11).
We now compactify by adding the singularities. Let J#H = T
∗U/
ΛH and let pi
# : J#H → U be the Lagrangian fibration induced by the
standard projection on T ∗U . Clearly J◦L and therefore YL are open
subsets of J#H . When b ∈ ∆, the fibre C(b) = (pi#)−1(b) is an open
cylinder, with ends at +∞ and −∞ in the y2-direction, otherwise C(b) is
a torus. From the results in [2], J#H can be compactified to a symplectic
manifold X by adding the singularity at the ends of the cylinders C(b)
when b ∈ ∆. The fibration pi# extends to a smooth fibration fH :
X → U of generic-singular type. The open subset J#H − KL′ extends
to an open neighborhood E of the singular set Σ. The fibres of f◦u
coincide with the fibres of fH toward their ends and therefore f
◦
u may
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be extended to make it coincide with fH on E. More precisely, define
U = f−1H (Bu) ∩ E and Y = YL ∪ U. Now we can define
(64) fu,H =
{
fH on U,
f◦u on YL.
Clearly fu,H : Y → Bu is a well defined Lagrangian fibration satisfying
Assumption 6.22. The zero section σ0 of pi
◦ is, perhaps after a change of
coordinates in the base, a section of fu. If Fb¯ is a smooth fibre of fu,H ,
with b¯ ∈ U+, let γ0 be the basis of H1(Fb¯,Z) determined by λ1, λ2, λ3.
We call Fu,H = (Y, fH,u, σ0, γ0) a normal form of cylindrical type.
The set YL ⊂ J#H can be visualized in Figure 11 as the square with
open top and bottom. The straight light-colored lines are the fibres of
pi# and the fibres of f◦u : YL → Bu are depicted as dark lines. The upper
and lower rectangular regions represent the components of EL,L′ .
Y +LY
−
L
Figure 11. Normal form of cylindrical type.
Given the above construction we denote Z#H = (pi
#)−1(Γ) and by
Z¯#H its S
1 quotient. Notice that if we let Λ¯H = ΛH mod db1, then
Z¯#H = T
∗Γ/Λ¯H . If p¯i# is the projection, let L = ker p¯i
#
∗ . We can assume
u is a well defined map in a neighborhood of Z#H which coincides with the
projection outside a neighborhood of Z◦L; therefore we can associate to
the pair (V, u) a sequence ` = {`k}k∈N of fibrewise closed sections of L∗,
just as we did in the proper case. We can easily see that the sequence `
must vanish outside Z¯◦L, in particular each `k, when restricted to a fibre,
has compact support contained in the cylinder C¯L(b). With respect to
the proper case, in this situation we have an additional piece of data,
i.e., the smooth function H.
The following is analogous to Definition 6.8:
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Definition 6.26. With the above notation,
i) Let L
Z¯#
H
be the set of sequences of fibrewise closed sections of
L∗ which vanish outside Z¯◦L for some positive L such that 2L <
| log |b|+ ∂b2H| for every b ∈ Γ.
ii) Let U
Z¯#
H
be the set of pairs (V, u) where, for some positive L and
L′ satisfying 2L′ < 2L < | log |b| + ∂b2H|, V is a neighborhood
of Z◦L and u : V → Rn is a smooth, S1-invariant Lagrangian
submersion, with cylindrical fibres, with components (u1, u2, u3)
such that u|Z◦
L
= pi◦, u|EL,L′ = pi◦ and u1 = b1.
iii) Let H∆ be the set of germs H∆ of smooth functions H defined on
neighborhoods of ∆.
We define the invariants of a normal form of cylindrical type Fu,H to
be:
inv(Fu,H) = (Z#H , `,H∆).
A little explanation is necessary to see in which sense these are in-
variants.
Remark 6.27. Suppose we are given two normal forms of cylindrical
type Fu,H and Fu′,H′ . From the results in [2] (cf. also Theorem 4.13),
a necessary condition for fH and fH′ to be symplectically conjugate
is that H∆ = H
′
∆, so suppose this holds. This gives a symplectomor-
phism, which we denote by ΦH,H′ , between the total spaces X and X
′
of the two fibrations which conjugates (X, fH , B) and (X
′, fH′ , B′). By
pulling back (V ′, u′) via this symplectomorphism and computing the
Taylor series, we obtain a sequence of fibrewise closed sections of L∗
which we call ΦH,H′ · `′. Using the same arguments as in the proof of
Theorem 6.12 (cf.[3, Theorem 6.11]), we can then show that Fu,H and
Fu′,H′ are symplectically conjugate if and only if ΦH,H′ · `′ = `. In par-
ticular, when H = H ′, they are symplectically conjugate if and only if
` = `′.
For the classification of fibrations satisfying Assumption 6.22, it is
useful to have the following result:
Proposition 6.28. Let f : X → B be a Lagrangian fibration satis-
fying Assumption 6.22. Given a smooth fibre Fb¯ of f , there is a basis
γ of H1(Fb¯,Z) and a section σ of f , such that F = (X, f,B, σ, γ) is
symplectically conjugate to a normal form of cylindrical type Fu,H .
Proof. One uses the same arguments as in the proof of Proposition
6.9. Suppose there is an extension of f+ : X+ → B+ to a smooth
Lagrangian fibration f˜+ defined on a neighborhood W ⊆ X of Z such
that f˜+|U = f |U. Then one may compute the period lattice of f˜+; this
gives a smooth function H extending the function H+ in Proposition
6.23. Assuming that also f− has been extended to f˜− so that f˜−|U =
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f |U, one may verify that the period map Θ+ : T ∗U/ΛH → W# gives
the required equivalence between F and Fu,H where u = f˜− ◦Θ+.
To extend f+, notice that fU = f |U is smooth so, tautologically, fU
is an extension of f+ to U. It remains to extend f+ away from U. Let
U′ ⊂ U and define f◦ : X◦ → B as in (59). Denote Z◦ = Z ∩X◦ and by
Z¯◦ its S1 quotient with f¯◦ : Z¯◦ → Γ the reduced fibration. Then f¯◦ is
a smooth Lagrangian cylinder fibration.
The coisotropic neighborhood theorem allows us to identify a neigh-
borhood of Z◦ inside X◦ with a neighborhood V of {0}×S1× Z¯◦ inside
R×S1×Z¯◦ (t will denote the R coordinate). Moreover, since Z¯# can be
identified with T ∗Γ/Λ¯H (see Remark 6.24), Z¯◦ can be identified with a
subset of T ∗Γ/Λ¯H of the type Z¯◦L for some positive L (see Example 6.25).
The pullback of f◦ under these identifications gives a piecewise smooth
Lagrangian fibration on V ⊂ R× S1 × Z¯◦L
(65) g =
{
u+ on V +;
u− on V −
where V + = V ∩{t ≥ 0}, V − = V ∩{t ≤ 0} and u± is the restriction to
V ± of a C∞ map. The set Z◦∩U where f◦ is smooth, corresponds (under
the above identifications) to the interior of Z◦L − Z◦L′ which we denote
CL,L′ , where L
′ < L. Notice that the map g above is then smooth along
CL,L′ ; in particular, the Taylor expansions in t of u
+ and u− coincide
along CL,L′ . With the same arguments used in the proper case one can
show that u± can be smoothly extended to a Lagrangian fibration u˜±
beyond V ± (cf. Proposition 6.9 above, or [3, Proposition 6.3] for more
details). In fact, with a little more care one can do this so that along
R × CL,L′ , where an extension already exists, namely g itself, we have
u˜±|R×CL,L′ = g|R×CL,L′ . The map u˜+ gives the required extension f˜+
of f+, where the last observation guarantees that f˜+|U = f |U. q.e.d.
From the above result, it follows that to every Lagrangian fibration
F satisfying Assumption 6.22 we can assign the invariants of a normal
form for F , i.e., a triple (Z#H , `,H∆). Notice that two normal forms
Fu,H and Fu′,H′ for the same fibration F must be related in the way
described in Remark 6.27. It is worth stating this in the following:
Theorem 6.29. Two germs of fibrations F and F ′ satisfying As-
sumption 6.22 are symplectically conjugate if and only if their invariants
are related in the way described in Remark 6.27.
We also have:
Proposition 6.30. Given H∆ ∈ H∆, there is a function H defined
on a neighborhood of Γ whose germ is H∆, such that for every ` ∈
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L
Z¯#
H
, there is a normal form of cylindrical type whose invariants are
(Z#H , `,H∆).
The results in this section extend those in [2] to stitched fibrations
with generic singularities (satisfying Assumption 6.22). The arguments
here can also be carried through in the stitched focus-focus case, the
positive case and their higher dimensional analogues.
7. Lagrangian negative fibrations
The purpose of this section is two-fold. We first use the analysis in
§6 to refine the piecewise smooth fibrations constructed in §5. Subse-
quently, we study the affine structures associated to the resulting fibra-
tions.
Recall that we defined a negative vertex to be an integral affine man-
ifold with singularities modeled on Example 3.13.
Definition 7.1. Let (X,ω) be a 6-dimensional symplectic manifold
and B ⊆ R3 an open subset. Let f : X → B be a piecewise smooth
Lagrangian fibration. F = (X,ω, f,B) is called a Lagrangian negative
fibration if it satisfies the following properties:
(i) F is topologically conjugate to the alternative negative fibration
of Example 2.9.
(ii) There exists a submanifold with boundary D ⊂ B, homeomorphic
to a closed disc in R2, such that ∆ ∩ (B − D) consists of three
one dimensional disjoint segments (the legs of ∆) and f is smooth
when restricted to X − f−1(D)
(iii) L et B0 = B − (D ∪ ∆), X0 = f−1(B0) and f0 = f |X0 . Let
(B0,A ) be the integral affine manifold induced by the Lagrangian
T 3 bundle F0 = (X0, f0, B0). For some choice of model of negative
vertex (R3,∆τ ,Aτ ) as given in Example 3.13, there exist an open
neighborhood U ⊆ R3 of 0 ∈ R3, a submanifold with boundary
D′ ⊂ U homeomorphic to a closed disc in R2, satisfying 0 ∈ D′ ⊂
{x1 = 0} ⊂ R3, and an integral affine isomorphism
(B0,A ) ∼= (U − (D′ ∪∆τ ),Aτ ).
Corollary 3.4 directly implies the following:
Proposition 7.2. Let F be a Lagrangian negative fibration. With
the notation as in Definition 7.1, let U0 = U− (D′∪∆τ ) and X(U0,Aτ )
be the associated Lagrangian torus bundle. Then, if F has a smooth
Lagrangian section, F0 is symplectically conjugate to X(U0,Aτ ).
The main result of this section is
Theorem 7.3. There exists a symplectic manifold (X,ω) and a map
f : X → B such that (X,ω, f,B) is a Lagrangian negative fibration.
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The starting point in the proof of Theorem 7.3 is the Lagrangian
fibration described in Example 5.8, which satisfies Definition 7.1(i). The
proof consists essentially of three steps. First we modify Example 5.8
so to obtain a fibration which is smooth towards the ends of the 1-
dimensional legs (Smoothing I and II). In the second step (Smoothing
III) we use the invariants of stitched Lagrangian fibrations to modify
the fibration once more so that it satisfies property (ii). Finally we show
that these modifications have been done so that also (iii) holds.
7.1. Smoothing I. Let us consider the fibration as in Example 5.8 with
its discriminant locus ∆. Recall that this fibration is constructed using
Proposition 5.4, by taking as symplectomorphism Φ the one described
by (41). For positive M ∈ R, let us define
∆h,M = ∆ ∩ {b2 ≤ −M}, ∆v,M = ∆ ∩ {b3 ≤ −M},
(66) ∆d,M = ∆ ∩ {b2, b3 ≥M}.
WhenM is sufficiently big, ∆h,M , ∆v,M and ∆d,M are 1-dimensional.
In fact, they are the ends of the horizontal, vertical and diagonal legs of
∆ respectively. Now let Σh,M , Σv,M and Σd,M be the parts of the critical
surface Σ which are mapped to ∆h,M , ∆v,M and ∆d,M respectively.
We have the following:
Lemma 7.4. The piecewise smooth Lagrangian fibration F = (X,ω,
f,B) in Example 5.8 can be perturbed, without changing its topology, so
that, for sufficiently big M , it becomes smooth on small neighborhoods
Nh,M , Nv,M and Nd,M of Σh,M , Σv,M and Σd,M respectively.
Proof. From the way f is defined in Example 5.8, we can assume
Σh,M = {t = 0, u1 = 0, |u2|2 < /4},
where  is as in (41) and M = log(
√
/2). For any τ > 0 denote open
sets
N τ = {(t, u1, u2) | max(|u1|, |u2|2) < τ}.
From now on we assume f is restricted to N /2. As one can easily see
from the construction, the map Gt defining f , restricted to N
/2 is
(67) Gt(u1, u2) =

log |u2|, log
∣∣∣∣∣∣
u1√
|t|+√t2 + |u1|2 − 1
∣∣∣∣∣∣

 .
This is the map that we want to perturb, but just on a smaller neigh-
borhood. We do it applying the idea already anticipated at the end of
Example 5.7. In fact we notice that Gt is invariant with respect to the
S1 action
eiθ(u1, u2) = (u1, e
2iθu2),
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which is also Hamiltonian with respect to the reduced symplectic form
ωt given in (23). The moment map is
(u1, u2) 7→ |u2|2.
So, if g is a real function depending only on u1, t and s = |u2|2, then
(u1, u2) 7→ (log |u2|, g(u1, t, |u2|2))
is a Lagrangian fibration with respect to ωt, provided the level sets of
u1 7→ g(u1, t, s) are one dimensional submanifolds for every s and t. For
example, consider a real non-negative function ρ defined on R3 such
that, for every fixed (t, s) ∈ R2, the map
(68) u 7→ u
ρ(|u|, t, s)
is a local homeomorphism of a neighborhood of u = 0. Then g =
log |uρ − 1| defines a Lagrangian fibration (at least in a neighborhood of
0). In particular
ρ0(r, t) =
√
|t|+
√
t2 + r2,
with (r, t) ∈ R2 gives the map Gt in (67) (after putting r = |u|), but it
is not smooth. One can see that if ρ is smooth on R3 and satisfies
(69) ρ > ρ0
then (68) is an orientation preserving homeomorphism (at least near
u = 0). In fact, the above condition guarantees that (68) extends con-
tinuously mapping u = 0 to 0; moreover, smoothness of ρ implies that
(68) is a homeomorphism (near 0) since the map
(70) r 7→ r
ρ(r, t, s)
is strictly increasing for small positive r.
So let us choose a smooth ρ1, defined on R
2 and satisfying ρ1 > ρ0,
and let
gj = log
∣∣∣∣ u1ρj(|u1|, t) − 1
∣∣∣∣ ,
for j = 0, 1. With suitable choice of ρ1, g1 is smooth in u1 and t. We
wish to find a g which interpolates between g0 and g1. More precisely,
we want g to be equal to g0 outside N
3/8 and to g1 on some smaller
open neighborhood of Σh,M . Clearly (u1, u2) ∈ N3/8 if and only if
(|u1|, |u2|2) is in the square
S0 = (−3/8, 3/8) × (−3/8, 3/8).
Now let S1 be a closed neighborhood of 0 in R
2 which is contained in
the interior of S0 (e.g., another square) and choose σ ∈ C∞(R2), which
is 0 outside S0 and 1 on S1 and satisfies
(71) ∂rσ(r, s) ≤ 0, ∀r, s ∈ R≥0.
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Define
ρ(r, t, s) = (1− σ(r, s))ρ0(r, t) + σ(r, s)ρ1(r, t),
so that ρ is equal to ρ0 outside S0 and to ρ1 on S1. We now check that
with this ρ, (68) is indeed a homeomorphism. In fact, since ρ ≥ ρ0, (68)
extends continuously mapping u = 0 to 0, moreover the derivative of
(70) is
(1− σ)(ρ0 − r ∂rρ0) + σ(ρ1 − r ∂rρ1)− r∂rσ(ρ1 − ρ0)
ρ2
.
The first two summands are strictly positive by the choices of ρ0 and
ρ1, while the last is non-negative for all r, t ∈ R≥0 since ρ1 satisfies (69)
and since (71) holds.
Now define
g = log
∣∣∣∣ u1ρ(|u1|, t, |u2|2) − 1
∣∣∣∣ .
Clearly g is equal to g0 outside N
3/8 and to g1 on
Nh,M = {(|u1|, |u2|2) ∈ S1},
which, with a suitable choice of S1, is a neighborhood of Σh,M . More-
over, u 7→ g(u, t, s) has 1-dimensional level sets. We can therefore re-
place the second component of Gt in (67) with g and redefine
Gt(u1, u2) = (log |u2|, g),
which is smooth on Nh,M . This proves the lemma for Σh,M . A schematic
picture of this smoothing is described in Figure 12. The vertical lines
represent fibres of f over the horizontal leg. The base of the fibration
is represented by the horizontal line on the bottom of the picture; the
bold segment on the right represents the region where the codimension
one part of ∆ begins. The shaded region represents the locus where f
is not smooth. The dashed region is Nh,M .
The case of the vertical leg is done in the same way. At first sight it
is not so obvious that also the diagonal leg can be treated in the same
way. So let us give some explanation. When |u2|2 ≥ M , the map Gt
becomes
(72) Gt(u1, u2) =
(
log
∣∣∣∣ u1ρ0(|u1|2, t) − u2
∣∣∣∣ , log
∣∣∣∣ u1ρ0(|u1|2, t) + u2
∣∣∣∣
)
.
The first observation is that this map is invariant under the S1-action
(73) eiθ(u1, u2) = (e
iθu1, e
iθu2).
After the following change of coordinates on the base
(x1, x2) 7→
(
e2x1 + e2x2
2
, x1 − x2
)
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Σ
Figure 12. Horizontal leg. The dashed region is Nh,M
as in Lemma 7.4. After Smoothing II there will be a full
fibred neighborhood (white region) where the fibration
is smooth.
this becomes
(74) Gt(u1, u2) =
(√
t2 + |u1|2 + |u2|2
2
− |t|
2
, log
|u1/ρ0 − u2|
|u1/ρ0 + u2|
)
.
One can check that for every fixed t ∈ R the map
(u1, u2) 7→
√
t2 + |u1|2 + |u2|2
2
is the moment map of the S1-action (73), with respect to the reduced
symplectic form ωt. Moreover, if one replaces u1 = z1z2, u2 = z3 and
t = |z1|
2−|z2|2
2 , then the above map becomes
ν : (z1, z2, z3) 7→ |z1|
2 + |z2|2
4
+
|z3|2
2
,
which is a smooth map on the total space. Let us denote
s =
√
t2 + |u1|2 + |u2|2
2
.
The second component of (74) can be rewritten as
g0(u1, u2) = log
∣∣∣∣ 2u1/ρ0u1/ρ0 + u2 − 1
∣∣∣∣ .
We can now apply the same strategy we used in the case of the horizontal
leg. We observe that we could replace this g0 with any other S
1-invariant
function g. In particular, we could replace ρ0, which is S
1-invariant,
with another smooth S1-invariant ρ1. As before, we then interpolate ρ0
and ρ1 with a cut off function σ depending on |u1|2 and s. We avoid
writing the details here, as they just follow the same argument as before.
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In the end we obtain that, in a small neighborhood of Σd,M , Gt can
be written as:
Gt =
(
s− |t|
2
, log
∣∣∣∣ 2u1/ρ1u1/ρ1 + u2 − 1
∣∣∣∣
)
,
where now the second component is smooth. The first component is
not quite smooth yet. We saw that s is smooth when lifted to the total
space, but |t| isn’t. The total fibration becomes of the type
f(z1, z2, z3) =
(
µ, ν − |µ|
2
, g(z1z2, z3, µ, ν)
)
,
where g is smooth. We see that after a change of coordinates on the
base of the type
(75) (b1, b2, b3) 7→
(
b1, b2 +
|b1|
2
, b3
)
this fibration becomes
f(z1, z2, z3) = (µ, ν, g(z1z2, z3, µ, ν)) ,
which is smooth. One can find a global change of coordinates on the base
which acts like (75) only in a neighborhood of the end of the diagonal
leg and is the identity elsewhere. This ends the proof of the lemma.
q.e.d.
Remark 7.5. Notice that the new perturbed fibration of Lemma 7.4
has a Lagrangian section. In fact, one can easily see that the section of
the fibration in Example 5.8 survives the smoothing above, since it is
far from the critical surface Σ.
7.2. Smoothing II. Lemma 7.4 gives us a piecewise smooth fibration
F , topologically conjugate to the one in Example 5.8 but smooth along
Nh,M , Nv,M and Nd,M . The latter are sets mapping down onto open
neighborhoods Bh,M , Bv,M and Bd,M of the legs as depicted in Figure
13 (a). Given a positive m ∈ R, let us denote by Bh,m, Bv,m and Bd,m
neighborhoods of ∆h,m, ∆v,m and ∆d,m and for brevity let us define
Fh,m = F|Bh,m , Fv,m = F|Bv,m and Fd,m = F|Bd,m . Clearly when M is
as in Lemma 7.4, Fh,M , Fv,M and Fd,M satisfy Assumption 6.22.
Our goal now is to use the results on non-proper stitched fibrations
in Section 6 to perturb F so that for some m > M and neighborhoods
Bh,m, Bv,m and Bd,m, the fibrations Fh,m, Fv,m and Fd,m are smooth.
This will produce a fibration whose base is depicted in Figure 13 (b).
Over the white rectangular regions the fibration is completely smooth
but on the shaded region it is still piecewise smooth. The result is the
following:
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Lemma 7.6. Let F denote the fibration obtained in Lemma 7.4.
Given a positive real number m > M , there exists a perturbation F˜ of
F (perhaps defined over a smaller neighborhood of the plane {b1 = 0}),
such that
(i) F˜ is topologically conjugate to F ;
(ii) there are open neighborhoods Bh,m, Bv,m and Bd,m of ∆h,m, ∆v,m
and ∆d,m respectively so that the fibrations F˜h,m, F˜v,m and F˜d,m
are smooth.
Proof. Consider one of the fibrations Fh,M , Fv,M or Fd,M as above
(whenever necessary, we allow ourselves to restrict to smaller neigh-
borhoods of ∆h,M , ∆v,M or ∆d,M ). To keep the notation simple we
temporarily drop the subindices and denote it by F .
(a) (b)
Figure 13. Smoothing over the legs.
Since F satisfies Assumption 6.22, it follows from Proposition 6.28
that we can associate to F a normal form of cylindrical type Fu,H
together with its invariants given by a triple (Z#H , `,H∆) which, in view
of Theorem 6.29, uniquely determine F as a germ around Γ = B∩{b1 =
0}. By slight abuse of notation we will denote by the same letter Γ both
B ∩ {b1 = 0} and Bu ∩ {b1 = 0}, where Bu is the base of Fu,H . For
the duration of this proof H will remain unchanged, so we drop the
subindex H and denote Fu := Fu,H for short.
The proof consists in suitably deforming the sequence `. Let A¯ ⊂ Γ
and A¯′ ⊂ A¯ be (planar) regions as depicted in Figure 14. Given a cut-off
function ρ ∈ C∞(Γ) such that ρ is 1 on Γ− A¯ and 0 on A¯′, define a new
(fibrewise closed) sequence ˜` whose elements are ˜`k = (ρ ◦ p¯i#) `k for
each k ∈ N. We obtain a triple (Z#H , ˜`,H∆), such that `|(p¯i#)−1(Γ−A¯) =
˜`|(p¯i#)−1(Γ−A¯) and ˜`|(p¯i#)−1(A¯′) = 0.
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A¯
b2
b3
A¯
′
Figure 14. Γ (or Γh,M).
In view of Proposition 6.30, (Z#H ,
˜`,H∆) gives rise to a normal form of
cylindrical type Fu˜ defined over a neighborhood of Γ. By construction
and by Theorem 6.29, Fu and Fu˜ define the same germ around Γ −
A¯, i.e., there are open neighborhoods U and U˜ of Γ − A¯ (satisfying
U ∩ {b1 = 0} = U˜ ∩ {b1 = 0} = Γ − A¯) such that Fu|U and Fu˜|U˜ are
symplectically conjugate. Moreover, Fu˜ is smooth when restricted to
any open neighborhood A′ of A¯′ such that A′ ∩ {b1 = 0} = A¯′. Now
recall that Fu is symplectically conjugate to F , so we have that Fu˜|U˜ is
symplectically conjugate F|U .
Let us summarize the result using our original notation for the hori-
zontal leg. For Γh,M = Bh,M ∩ {b1 = 0}, we have found sets A¯′ ⊂ A¯ ⊂
Γh,M (as in Figure 14) and a normal form of cylindrical type Fu˜, de-
fined over a neighborhood of Γh,M , smooth over A¯
′ and such that Fu˜|U˜ is
symplectically conjugate to Fh,M |U , where U and U˜ are neighborhoods
of Γh,M − A¯ (satisfying U ∩ {b1 = 0} = U˜ ∩ {b1 = 0} = Γh,M − A¯).
If we go back denoting by F the fibration of Lemma 7.4, we can
form a new fibration F˜ in the following way. Let F ′ = F|R3−(R×A¯) and
symplectically glue Fu˜ to F ′ using the conjugation between Fu˜|U˜ and
F ′|U = Fh,M |U . The fibration F˜ is the result of this gluing. Notice
that F˜ , due to the properties of Fu˜, is such that for some m > M
(depending on A¯′) and a suitable neighborhood of Bh,m of ∆h,m, the
restriction F˜h,m is smooth. Notice that A¯′ can be chosen so that the
latter holds for any m > M . The above method applied to all legs,
produces the required result. q.e.d.
The idea of deforming the sequence ` by multiplying it by a cut-off
function on the base will be used again in the subsection Smoothing III.
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This is actually the main application of the results on stitched fibrations
in this paper.
Remark 7.7. We observe that the Lagrangian section of Example 5.8
survives also this second smoothing.
7.3. The normal form. Consider the Lagrangian fibration F pro-
duced in Lemma 7.6. If we let U = R3 − ∆, then F|U is a stitched
T 3 fibration whose seam consists of three disjoint components. It is
clear that F|U is a fibration of the type described in Example 6.18. The
goal of this section is to show that F|U is in fact symplectically conju-
gate to a fibration which can be constructed with Theorem 6.19, maybe
after restricting the latter to a smaller neighborhood of the vertex of ∆
(see Remarks 6.16 and 6.20). Essentially, we need to show that the ac-
tion coordinates, a priori defined only on a contractible open set, extend
continuously to R3. We need the following:
Lemma 7.8. Let (X,ω) be the total space of the fibration as in
Lemma 7.6. Then ω is exact on X.
Proof. Recall that the fibration produced in Lemma 7.6 is a pertur-
bation of the one in Example 5.8, whose total space is an open set of
C
3 with standard symplectic form, which is exact. One can see that the
successive perturbations of this fibration have not modified the coho-
mology class of ω. q.e.d.
To describe the fibration F we use the same notation of Example 6.18.
Given b¯ ∈ Γc, there exists a basis γ = {γ1, γ2, γ3} of H1(Fb¯,Z) with
respect to which monodromy is generated by the matrices in (55) with
m1 = m2 = 1. We can compute the action coordinates α : U − (Γe ∪
Γd) → R3 with respect to γ, normalized so that α(b¯) = (0, 0, 0) (cf.
Proposition 6.5). From Lemma 7.8, there exists a primitive η of ω, such
that for every b = (b1, b2, b3) ∈ U − (Γe ∪ Γd) we have
α(b) =
(
−
∫
γ1(b)
η, −
∫
γ2(b)
η, −
∫
γ3(b)
η
)
,
where γj(b) is a cycle in Fb representing γj . Clearly α is well defined
and continuous on U − (Γd ∪ Γe). Actually, we have:
Lemma 7.9. The action coordinates map α extends continuously to
R
3.
Proof. We apply a similar argument to the one used in the case of
the positive fibre (see Proposition 4.11). Clearly, since γ1 is represented
by the orbits of the S1 action
−
∫
γ1(b)
η = b1,
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which is continuous. We now prove that, for j = 2, 3
(76) αj(b) = −
∫
γj(b)
η
extends continuously to points in Γd or in Γe. As we did in Proposi-
tion 4.11, we can think of αj(b) as
αj(b) =
∫
S
ω,
where S is a surface spanned by the cycles γj(b
′) as b′ moves along a
curve joining b¯ and b. Suppose b ∈ Γe (or Γd); then we need to show
that αj(b) is independent of the curve from b¯ to b, or equivalently that∫
S1−S2
ω = 0,
where S1 and S2 are the surfaces corresponding to two different paths
from b¯ to b. The boundary ∂(S1 −S2) is determined by monodromy. It
is easy to see that ∂(S1 − S2) is a multiple of γ1(b), therefore for some
integer k we have∫
S1−S2
ω = −
∫
∂(S1−S2)
η = k
∫
γ1(b)
η = 0,
where the last equality follows from the fact that b ∈ Γd or Γe. To show
that α extends continuously also to points of ∆ we can argue that (76)
makes sense also over singular fibres, since both η and γj(b) are well
defined when b ∈ ∆. q.e.d.
We also have:
Lemma 7.10. The map α : R3 → R3 is a homeomorphism onto its
image.
Proof. Since α1(b) = b1, it is enough to show that, if for fixed t ∈ R
we let Ut = {b1 = t}, then αt = α|Ut is a bijection onto its image. If
λ2 and λ3 are the periods of the fibration corresponding to γ2 and γ3,
then αt is computed by taking primitives of λ2|Ut and λ3|Ut . If we let
Xt denote the symplectic reduction of X at t and Gt : Xt → R2 the
reduced fibration, then it is not difficult to see that λ2|Ut and λ3|Ut are
in fact periods of Gt (cf. [4, Lemma 5.9]). Now the conclusion follows
by simply observing that Gt is a proper Lagrangian submersion, i.e., an
integrable system. The argument works also when t = 0. q.e.d.
Corollary 7.11. Let F be the fibration constructed in Lemma 7.6 and
let U = R3 −∆. The stitched fibration F|U is symplectically conjugate
to a fibration constructed in Theorem 6.19.
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Proof. The fibrations constructed in Theorem 6.19 have smooth
Lagrangian sections and the action coordinates extend continuously to
the whole base. Since F|U also has a Lagrangian section (cf. Re-
marks 7.7) and the action coordinates extend continuously to the whole
base, the statement easily follows from the results on stitched fibrations
such as the existence of a normal form (see Proposition 6.9). Recall that
the latter is found extending the maps f+ and f− beyond all connected
components of the seam (which can be done as shown in Proposition 6.9)
and then using the Lagrangian section to normalize with action angle
coordinates. q.e.d.
7.4. Smoothing III. Now we show that the fibration in Example 5.8
can be perturbed to make it smooth on an even larger region. We
consider the fibration F obtained in Lemma 7.6 whose base is depicted in
Figure 15 (a). Over the white region complete smoothness was achieved.
In the previous section we saw that over U = R3 − ∆ the fibration is
(symplectically conjugate to) a stitched Lagrangian fibration which can
be constructed as in Theorem 6.19. In this section we want to deform the
invariants over each connected component of the seam so as to achieve
smoothness beyond the (planar) gray region in Figure 15 (b).
(a) (b)
Figure 15. Smoothing away from the legs.
Lemma 7.12. Let F be the fibration obtained in Lemma 7.6. There
is a perturbation F˜ of F such that:
(i) F˜ is topologically conjugate to F ;
(ii) there exists a submanifold with boundary D ⊂ B, homeomorphic
to a closed disc in R2, with ∆∩(B−D) consisting of three disjoint
segments, such that F˜|R3−D is a smooth Lagrangian fibration.
Proof. The proof follows the same lines as Lemma 7.6. Assume that
F|R3−∆ has been constructed with Theorem 6.19. In particular, the wall
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Γ consists of the union of three disjoint sets, denoted Γc, Γd and Γe. The
corresponding components of the seam are Zc = f
−1(Γc), Zd = f−1(Γc)
and Ze = f
−1(Γe) with corresponding quotients denoted by Z¯c, Z¯d and
Z¯e. The invariants of F|R3−∆ are given by sequences `c, `d and `e. In
particular, the first order invariants satisfy the integral conditions (57)
with m1 = −1 and m2 = 1.
Over the same wall Γ and seam Z, we could define another triple of
invariants as follows. Define (`c)′ to be the zero sequence, while (`d)′
and (`e)′ to be sequences whose only non-zero terms are the first order
ones, which we define to be
(`d1)
′ = −dy2 and (`e1)′ = dy3.
As we saw in Example 6.21, these choices of invariants give rise to a
fake stitched fibration F ′ which is topologically conjugate to F|R3−∆.
Using Theorem 6.19 we now construct a new stitched fibration with
the same wall Γ and seam Z as F|R3−∆, but whose invariants interpo-
late between those of F ′ and those of F|R3−∆. Let A′ be a small tubular
neighborhood of ∆ and denote A¯′ = A′ ∩ {b1 = 0}. Assume that A¯′ is
entirely contained in the region in Figure 15 (a) delimited by the dotted
lines. In particular we want the ends of A¯′ to be contained in the white
region where F is smooth. Let A ⊂ A′ be a smaller open neighborhood
of ∆ and denote A¯ = A∩{b1 = 0}. Let ρ ∈ C∞(Γ) be a cut-off function
which is 1 on A¯ and 0 on Γ− A¯′. Define ˜`ck = (1−ρ)(`ck)′+ρ `ck and sim-
ilarly define ˜`dk and
˜`e
k. It follows from Theorem 6.19 that the sequences
˜`
c, ˜`d and ˜`e give rise to a stitched Lagrangian fibration F˜o which is
topologically conjugate to F|R3−∆. Moreover F˜o|A−∆ and F|A−∆ are
symplectically conjugate so we can glue F|A to F˜o|A−∆ along F|A−∆.
This produces a piecewise smooth Lagrangian fibration F˜ which is topo-
logically conjugate to F , moreover the chosen invariants guarantee that
after a change of coordinates on the base F˜ satisfies the smoothness
condition (ii). q.e.d.
The fibration F˜ obtained via Lemma 7.12 clearly satisfies properties
(i) and (ii) of Definition 7.1, but finally we can also give
Proof of Theorem 7.3. It only remains to show that F˜ satisfies prop-
erty (iii) of Definition 7.1, but this immediately follows from the con-
struction. In fact, F˜|R3−A′ coincides with the fibration described in
Example 6.21 restricted to a suitable neighborhood of the vertex. We
observed that the latter fibration induces an affine structure on the base
which is affine isomorphic to a negative vertex of Example 3.12 (or of
Example 3.13). This concludes the proof. q.e.d.
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8. The compactification.
8.1. The main theorem. Finally, having completed the construction
of the negative fibration, in this last section we prove the main result
of the article. In order to give a correct statement of the theorem, we
need first to make a few observations.
We start with a compact simple integral affine 3-manifold with sin-
gularities (B,∆,A ). The goal is to symplectically compactify the torus
bundle X(B0,A ) by gluing to it singular fibres. We have already seen
in Section 4, Proposition 4.17 how the gluing of positive or generic sin-
gular fibres is quite straightforward. In the case of negative vertices
we have seen that our construction gives a fibration whose discriminant
locus contains components of type ∆a, i.e., of codimension 1. For this
reason around negative points one needs to replace ∆ with a slightly
perturbed discriminant locus containing components of type ∆a.
Let us consider the fibration of Example 5.8. The periods of this
fibration were computed in [4] and they are given by
λ2 = β1db1 − e2b2db2,
λ3 = β2db1 − e2b3db3,
where β1 and β2 are functions depending on b1. Let us consider the
corresponding primitives (action coordinates) restricted to the plane
{b1 = 0}, which is the plane where the discriminant locus lies. We can
easily see that the action coordinates map α transforms the amoeba
with thin legs into a slightly different shape, depicted in in Figure 16.
This shape does not change much after we have done the smoothings
of Lemmas 7.4, 7.6 and 7.12, what may happen is that the codimension
2 part –i.e., the legs– may become slightly curved. Nevertheless, it is
not difficult to see that we can prolong the legs of a negative fibration
so that they become straight toward their ends. This can be done by
gluing suitable generic-singular Lagrangian fibrations using the methods
of Proposition 4.18.
α
Figure 16. The affine image of the amoeba with thin legs.
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Definition 8.1. Given a simple integral affine 3-manifold with singu-
larities (B,∆,A ), all of whose negative vertices are straight (i.e., locally
affine isomorphic to Example 3.12), a localized thickening of ∆ is given
by the data (∆, {Dp−}p−∈N ) where:
(i) ∆ is the closed subset obtained from ∆ after replacing a neigh-
borhood of each negative vertex with a shape of the type depicted
in Figure 17. This replacement takes place in the plane corre-
sponding to {x1 = 0} of the local model, Example 3.12.
(ii) N is the set of negative vertices and for each p− ∈ N , Dp− is
a submanifold of B, homeomorphic to a disk and containing the
codimension 1 component of ∆ around the negative vertex p−.
Moreover, Dp− is contained in the plane {x1 = 0}. We depict Dp−
as the gray area in Figure 17.
p−
Figure 17. A localized thickening of a negative vertex.
The requirement that all negative vertices are straight is only to avoid
unnecessary complications. Given a localized thickening of ∆, define
B = B −

∆ ∪ ⋃
p−∈N
Dp−

 .
Clearly, the integral affine structure A on B−∆ restricts to an integral
affine structure on B which we denote by A, therefore we can form
the torus bundle X(B,A).
Now we can state and prove the theorem:
Theorem 8.2. Given a compact simple integral affine 3-manifold
with singularities (B, ∆, A ), all of whose negative vertices are straight
(i.e., locally isomorphic to Example 3.12), there is a localized thicken-
ing (∆, {Dp−}p−∈N ) of ∆ and a smooth, compact symplectic 6-manifold
(X,ω) together with a piecewise smooth Lagrangian fibration f : X → B
such that
(i) f is smooth except along
⋃
p−∈N f
−1(Dp−);
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(ii) the discriminant locus of f is ∆;
(iii) there is a commuting diagram
X(B,A)
Ψ−−−−→ X
f0
y yf
B
ι−−−−→ B
where ψ is a symplectomorphism and ι the inclusion;
(iv) over a neighborhood of a positive vertex of ∆ the fibration is
positive, over a neighborhood of a point on an edge the fibration
is generic-singular, over a neighborhood of Dp− the fibration is
Lagrangian negative.
Proof. The proof is quite simple. First we glue positive fibrations over
sufficiently small neighborhoods of positive vertices of ∆ using Propo-
sition 4.17. Now given a negative vertex p− ∈ N , we have that a
neighborhood of p− is affine isomorphic to a neighborhood U of zero in
the local model Example 3.12. Consider a negative Lagrangian fibration
F− = (X−, ω−, f−, B−) (cf. Definition 7.1), which we have constructed
in Theorem 7.3. The discriminant locus ∆− of f− has the shape of an
amoeba with thin legs and there is a disc D containing the codimension
1 part of ∆− such that f− is smooth except at points of (f−)−1(D)
(cf. part (i) and (ii) of Definition 7.1). Moreover we may assume that
B− − (∆− ∪D) is affine isomorphic to (U ′ − (D′ ∪∆τ ),Aτ ), where U ′
is a neighborhood of 0 in the affine manifold with singularities of Ex-
ample 3.13 and D′ ⊂ {x1 = 0} contains 0 and is homeomorphic to a
disc (cf. point (iii) of Definition 7.1). It may happen that U ′ is too big
for us to glue the Lagrangian negative fibration as it is. However, if we
replace ω− with  ω− for a sufficiently small  > 0, this has the effect
of scaling the affine coordinates on the base by a factor of  (i.e., of
making the amoeba as small as we please). Therefore we may assume
that U ′ ⊂ U . Moreover, we may also assume that the legs of ∆− (in
affine coordinates) are straight towards their ends, i.e., they coincide
with the legs of ∆ outside an open subset U ′′ such that D′ ⊂ U¯ ′′ ⊂ U ′.
The localized thickening ∆ of ∆ around p
− consists in replacing U ′∩∆
with ∆− and defining Dp− = D′. The affine structure A is inherited
from A . This can be done at every negative vertex p−. Tautologically,
we have that X(U ′ − (Dp− ∪ ∆),A) is symplectically conjugate to
(f−)−1(B− − (∆− ∪D)) and therefore we can glue X− to X(B,A).
Finally, now that singular fibres have been glued on top of all vertices,
it only remains to glue generic-singular fibres along the edges. This can
be easily done by applying directly Proposition 4.18, notice in fact that
Lagrangian negative fibrations are smooth and generic-singular towards
the ends of the legs. q.e.d.
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We remark that the manifolds we obtain with this theorem are diffeo-
morphic to Gross’ semi-stable compactifications of Theorem 2.11. Also,
as a corollary of this construction, we have:
Corollary 8.3. A smooth quintic X in P4 has a symplectic form ω
with a piecewise smooth Lagrangian fibration f : X → S3.
Proof. If we apply Theorem 8.2 to Example 3.17 we obtain a symplec-
tic manifold X with a piecewise smooth Lagrangian fibration f : X →
S3. By Gross’ Theorem 3.19, X is homeomorphic to a non-singular
quintic. q.e.d.
We do not know whether the symplectic manifold (X,ω) obtained in
this corollary is actually symplectomorphic to a quintic with a Ka¨hler
form, although we conjecture it is.
We point out that Theorem 8.2 can also produce pairs of compact
symplectic manifolds as compactifications coming from Gross and
Siebert’s more general construction of integral affine manifolds. For ex-
ample, in [9], Gross shows that to the pairs of Calabi-Yau’s constructed
with the method of Batyrev and Borisov as complete intersections in
dual Fano toric varieties, one can associate a pair of simple affine man-
ifolds with singularities which, when compactified, give back a pair of
manifolds homeomorphic to the two Calabi-Yau’s. The latter statement
is the content of [9, Theorem 0.1], which is proved in [12] by Gross and
Siebert. Combining this with our result, we obtain a construction of
symplectic manifolds fibred by Lagrangian tori, which are homeomor-
phic to the Batyrev and Borisov mirror pairs of Calabi-Yau manifolds.
Also, another source of examples may come from the structures con-
structed in [17, 18, 19], provided they are simple.
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